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1. What are derivatives?
2. How do derivatives work?
3. What can be derived?
4. How can I derive in Kotlin?
5. What’s the difference?



What are 
derivatives?



https://en.wikipedia.org/wiki/Gottfried_Wilhelm_Leibniz

“It is unworthy of excellent [minds] 
to lose hours like slaves in the labor 
of calculation which could safely be 
relegated to anyone else if 
machines were used.”

-Gottfried Wilhelm Leibniz

Leibniz: derivatives as rate of change

https://en.wikipedia.org/wiki/Gottfried_Wilhelm_Leibniz


http://www.helbig.dk/neucc/index.htm

Linnainmaa: Reverse mode differentiation 

Seppo Linnainmaa



Griewank: Algorithmic differentiation

Andreas Griewank
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tailrec fun <I, O : Comparable<O>> minimize(
fn: (I) -> (O), min: I, budget: Int): I =
if (budget <= 0) min
else minimize(fn, sample<I>().let { input ->
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1. An algorithm for minimizing any function



tailrec fun <I, O : Comparable<O>> minimize(
fn: (I) -> (O), min: I, budget: Int): I =
if (budget <= 0) min
else minimize(fn, sample<I>().let { input ->

if (fn(input) < fn(min)) input else min
}, budget - 1)

fun <I> sample(): I = TODO()
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operator fun minus(t: T): T
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tailrec fun <I, O : Metric<O>> minimizeMetric(
fn: (I) -> (O), min: I, budget: Int): I =
if (budget <= 0) min
else minimizeMetric(fn, wiggle(min).filter { fn(it) < fn(min) }
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interface Metric<T : Metric<T>> : Comparable<T> {
operator fun plus(t: T): T
operator fun minus(t: T): T

}

tailrec fun <I, O : Metric<O>> minimizeMetric(
fn: (I) -> (O), min: I, budget: Int): I =
if (budget <= 0) min
else minimizeMetric(fn, wiggle(min).filter { fn(it) < fn(min) }

.maxBy { fn(min) - fn(it) } ?: min, budget - 1)

fun <I> wiggle(min: I): Sequence<I> = TODO()

2. Better algorithm (but more restrictive)



3. Still better algorithm (even more restrictive)



interface Field<T : Field<T>> : Metric<T> {
operator fun times(t: T): T
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interface Field<T : Field<T>> : Metric<T> {
operator fun times(t: T): T
operator fun div(t: T): T

}

tailrec fun <T: Field<T>> fieldMinimize(
fn: (T) -> (T), a: T, min: T, budget: Int): T =
if(budget <= 0) min
else minimizeField(fn, a,

min - (fn(min + a) - fn(min)) / a, budget – 1)

3. Still better algorithm (even more restrictive)



interface Field<T : Field<T>> : Metric<T> {
operator fun times(t: T): T
operator fun div(t: T): T

}

tailrec fun <T: Field<T>> fieldMinimize(
fn: (T) -> (T), a: T, min: T, budget: Int): T =
if(budget <= 0) min
else minimizeField(fn, a,

min - (fn(min + a) - fn(min)) / a, budget – 1)

3. Still better algorithm (even more restrictive)

d

dx
f(x) =

df

dx
= lim

a!0

f(x+ a)� f(x)

a
<latexit sha1_base64="urfHwtn74c2LNBAddruoAv7AtsA="></latexit>



4. So what’s the problem? f(x+ a)� f(x)

a
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How do 
derivatives 
work?



d

dx
(l + r) =

dl

dx
+

dr

dx
<latexit sha1_base64="sp2EEuZ7A99i2OOn0HWOb1TODlA="></latexit>

1. Sum rule



d

dx
(l · r) = dl

dx
· r + l · dr

dx
<latexit sha1_base64="dT1Clq6leve2PLTo4GR7EgsFg4A="></latexit>

2. Product rule



d

dx
(l � r) = dl

dr
· dr
dx

<latexit sha1_base64="/6RQkpZx19m0jk8qpzWM2vqNUBw="></latexit>

2. Chain rule



2. Chain rule, revisited

Pk(x) =

(
p1 � x = x if k = 1

pk � Pk�1 � x if k > 1
<latexit sha1_base64="UNaDT9DlVhDQhoUwMCujqFY5XjA="></latexit>

f = l � r = l(r(x))
<latexit sha1_base64="nkPZBWmrknfJELHcRhv+09I3JUE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYhHYTklptuxCKblxWsBdoQ5lMJ+3QySTMTMQSuvFV3LhQxK2P4c63cdIWUesPAx//OYcz5/ciRqWy7U9jaXlldW09s5Hd3Nre2TX39psyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8kZXab11R4SkIb9V44i4ARpw6lOMlLZ65qEPLyCDXUwFhiLlvMjfFwo9M2db1WqpelaCGipl+7wMHcue6htyYK56z/zo9kMcB4QrzJCUHceOlJsgoShmZJLtxpJECI/QgHQ0chQQ6SbTAybwRDt96IdCP67g1P05kaBAynHg6c4AqaH8W0vN/2qdWPkVN6E8ihXheLbIjxlUIUzTgH0qCFZsrAFhQfVfIR4igbDSmWV1CAsnL0KzaDmnVvGmlKtdzuPIgCNwDPLAAWVQA9egDhoAgwl4BM/gxXgwnoxX423WumTMZw7ALxnvX1mYlFY=</latexit>

df

dx
=
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dr
· dr
dx

<latexit sha1_base64="xFN/reyOMTMYc0BqJoUqohqlBfg=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlKrbRdC0Y3LCvYBTSiTyaQdOnkwMxFLyHe48VfcuFDEnbjxb5ymUdR6YODcc+7lzj1OxKiQhvGhLSwuLa+sFtaK6xubW9v6zm5HhDHHpI1DFvKegwRhNCBtSSUjvYgT5DuMdJ3xxdTv3hAuaBhcy0lEbB8NA+pRjKSSBrppeRzhxPXSxL1N4RnMa6ZqnkILu6H80njWM9BLRrnRqDZOqlCRes04rUGzbGT4JiWQozXQ3yw3xLFPAokZEqJvGpG0E8QlxYykRSsWJEJ4jIakr2iAfCLsJDsthYdKcaEXcvUCCTP150SCfCEmvqM6fSRH4q83Ff/z+rH06nZCgyiWJMCzRV7MoAzhNCfoUk6wZBNFEOZU/RXiEVI5SJVmUYUwd/I86VTK5nG5clUtNc/zOApgHxyAI2CCGmiCS9ACbYDBHXgAT+BZu9cetRftdda6oOUze+AXtPdPZTiiYA==</latexit>
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“Forward accumulation”:

“Reverse accumulation”:



Forward vs. Reverse mode accumulation

cf. Breleux et al., https://developer.download.nvidia.com/video/gputechconf/gtc/2019/presentation/s9244-deep-learning-with-myia.pdf



Forward vs. Reverse mode accumulation

cf. Breleux et al., https://developer.download.nvidia.com/video/gputechconf/gtc/2019/presentation/s9244-deep-learning-with-myia.pdf



class D<X: Fun<X>>(val f: Fun<X>): Fun<X>(f) {
fun Fun<X>.df(): Fun<X> = when (this) {

is Sum   -> left.df() + right.df()
is Prod  -> left.df() * right + left * right.df()
is Comp  -> left.df()(right) * right.df()

}
}

Differentiation rules in Kotlin



Differentiation rules in Kotlin

class D<X: Fun<X>>(val f: Fun<X>): Fun<X>(f) {
fun Fun<X>.df(): Fun<X> = when (this) {
is Const -> Zero()
is Var   -> One()
is Sum   -> left.df() + right.df()
is Prod  -> left.df() * right + left * right.df()
is Comp  -> left.df()(right) * right.df()
is D     -> f.df()

}
}



Functions in Kotlin
sealed class Fun<X : Fun<X>>(open val sVars: Set<Var<X>> = emptySet())

: Field<Fun<X>>, (Bindings<X>) -> Fun<X> {
constructor(fn: Fun<X>) : this(fn.sVars)
constructor(vararg fns: Fun<X>) : this(fns.flatMap { it.sVars }.toSet())

override operator fun plus(addend: Fun<X>): Fun<X> = Sum(this, addend)
override operator fun times(multiplicand: Fun<X>): Fun<X> = Prod(this, multiplicand)
override operator fun div(divisor: Fun<X>): Fun<X> = this * divisor.pow(-One<X>())

override operator fun invoke(bnds: Bindings<X>): Fun<X> =
Composition(this, bnds).run { if (bnds.isReassignmentFree) evaluate else this }

open operator fun invoke(): Fun<X> = invoke(Bindings())

open fun d(v1: Var<X>): Fun<X> = Derivative(this, v1)
open fun d(v1: Var<X>, v2: Var<X>): Vec<X, D2> = 

Vec(Derivative(this, v1), Derivative(this, v2))
open fun d(vararg vars: Var<X>): Map<Var<X>, Fun<X>> = 

vars.map { it to Derivative(this, it) }.toMap()
}



Compile-time shape safety



Lazy Composition
class Composition<X : Fun<X>>(val fn: Fun<X>, val bindings: Bindings<X>) : Fun<X>() {

val evaluate by lazy { apply() }
override val sVars: Set<Var<X>> by lazy { evaluate.sVars }

fun Fun<X>.apply(): Fun<X> =
bindings.sMap.getOrElse(this) {

when (this) {
is Var -> this
is Const -> this
is Prod -> left.apply() * right.apply()
is Sum -> left.apply() + right.apply()
is Power -> base.apply() pow exponent.apply()
is Derivative -> df().apply()
is Composition -> fn.apply().apply()

}
}

}



Dataflow graphs

Kraphviz by Stefan Niederhauser: https://github.com/nidi3/graphviz-java#kotlin-dsl

https://github.com/nidi3/graphviz-java


What can 
be derived?



Optimization is just one perspective

“With four parameters I can fit 
an elephant, and with five I can 
make him wiggle his trunk.”

–John Von Neumann



Continuity: bounded differences



Computer science
Point Cloud Voxelization

(Tommy Hinks)

The world is discrete

https://tommyhinks.com/2009/02/10/point-cloud-voxelization/


Physicists World is differentiable
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Hamiltonian mechanics

Wave equation

Pendulum with friction
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Nonlinear dynamics: no closed form solution

Three Body Orbit

https://en.wikipedia.org/wiki/Three-body_problemhttps://en.wikipedia.org/wiki/Double_pendulum

Double Pendulum

https://en.wikipedia.org/wiki/Three-body_problem
https://en.wikipedia.org/wiki/Double_pendulum


How do I 
derive in 
Kotlin? Gottfried Wilhelm Leibniz



Arbitrarily high order differentiation



Arbitrarily high order differentiation



Type safe vector manipulation



Type safe matrix manipulation



Type safe currying (experimental)



What’s the 
difference?



Code is the interface



Differentiable Programming

“Neural networks are not just 
another classifier, they represent 
the beginning of a fundamental 
shift in how we write software.”

-Andrej Karpathy



Why do derivatives matter?



Learn more at:

kg.ndan.co
Kotlin∇

http://kg.ndan.co/


Interested in mathematical abstractions?

github.com/mipt-npm/kmath
KMath

https://github.com/mipt-npm/kmath
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Liam Paull
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