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1. What are derivatives?
2. How do derivatives work??
3. What can he derived?
4. How can | derive in Kotlin?
J. What's the difierence?
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Lelbniz: derivatives as rate of change

“It is unworthy of excellent [minds]
to lose hours like slaves in the labor
of calculation which could safely be
relegated to anyone else if

machines were used.”
-Gottfried Wilhelm Leibniz
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tailrec fun <I, 0 : Comparable<0>> minimize(
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if (budget <= 0) min
else minimize(fn, sample<I>().let { input ->
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1. An algorithm for minimizing any function

tailrec fun <I, 0 : Comparable<0>> minimize(
fn: (I) —> (0), min: I, budget: Int): I =
if (budget <= 0) min
else minimize(fn, sample<I>().let { input ->
if (fn(input) < fn(min)) input else min
}, budget - 1)

fun <I> sample(): I = TODO()
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interface Metric<T : Metric<T>> : Comparable<T> {
operator fun plus(t: T): T
operator fun minus(t: T): T

}

tailrec fun <I, 0 : Metric<0>> minimizeMetric(
fn: (I) —> (0), min: I, budget: Int): I =
if (budget <= 0) min
else minimizeMetric(fn, wiggle(min).filter { fn(it) < fn(min) }
.maxBy { fn(min) - fn(1t) } ?: min, budget - 1)



2. Better algorithm (but more restrictive)

interface Metric<T : Metric<T>> : Comparable<T> {
operator fun plus(t: T): T
operator fun minus(t: T): T

}

tailrec fun <I, 0 : Metric<0>> minimizeMetric(
fn: (I) —> (0), min: I, budget: Int): I =
if (budget <= 0) min
else minimizeMetric(fn, wiggle(min).filter { fn(it) < fn(min) }
.maxBy { fn(min) - fn(1t) } ?: min, budget - 1)

fun <I> wiggle(min: I): Sequence<I> = TODO()






interface Field<T : Field<T>> : Metric<T> {
operator fun times(t: T):
operator fun div(t: T):

}



interface Field<T : Field<T>> : Metric<T> {
operator fun times(t: T): T
operator fun div(t: T): T

}

tailrec fun <T: Field<T>> fieldMinimize(
fn: (T) —> (T), a: T, min: T, budget: Int): T =
if(budget <= 0) min
else minimizeField(fn, a,
min - (fn(min + a) - fn(min)) / a, budget — 1)



interface Field<T : Field<T>> : Metric<T> {
operator fun times(t: T): T
operator fun div(t: T): T

}

tailrec fun <T: Field<T>> fieldMinimize(
fn: (T) —> (T), a: T, min: T, budget: Int): T =
if(budget <= 0) min
else minimizeField(fn, a,
min - (fn(min + a) - fn(min)) / a, budget — 1)
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I
f(z) = sin (z*) 4+ 1 [\
A= (2,-0.51)
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1. Sumrule




2. Product rule




2. Ghain rule
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2. Chain rule, revisited

df_ﬂ dr
dr dr dx

P (aj)  Jp1oxr =2 it k=1 dP B dpk dpk_l dpk_g dp2
; probPr_1ox itk>1 dp1 ; dpr—1 dpr—2 dpr—3  dps

“Forward accumulation”: o~ - . (dpkl (dpkz dp2>>
| dp1 dpr—1 \ dpr—2 \ dpr_3 dp1

“Reverse accumulation”: i — (( dpi_ dp kl) ap "32> ap2
. dpl dpk_l dpk_z dpk’—?) S dpl




Forward Reverse

Jn(y2) (Jg(y1) Je(x)) (In(y2) Jg(y1))Je(x)
N N N N e e e e, e’
nXq qXxXp PXMmM nXq qXxXp PXMmM

M_/ —,_/

gXxXm nXp
Cost Cost
gpm + ngm ngp + npm

= m(qp + ngq) = n(gp + pm)

cf. Breleux et al.,



Forward mode is good when there are few inputs.
 Easy to implement: dual numbers.

dyn dy2 dys3
T — (yla dﬂ?) — (yQ) d.’,U) — (y?n dﬂ?)

Reverse mode is good when there are few outputs.
 Hard to implement: execution is reversed.

d d d
r— Y — Y — Ys — y3—> y3—) I3
dy:  di; dx

cf. Breleux et al.,



class D<X: Fun<X>>(val f: Fun<X>): Fun<X>(f) {
fun Fun<X>.df(): Fun<X> = when (this) {

is Sum —> left.df() + right.df()
is Prod -> left.df() % right + left x right.df()
is Comp —> left.df()(right) * right.df()



class D<X: Fun<X>>(val f: Fun<X>): Fun<X>(f) {
df(): Fun<X> = when (this) {

fun Fun<X>.
1s Const

1S
1S
1S
1S
1S

Var
Sum
Prod

Comp
D

Zero()

One()

left.df() + right.df()

left.df() * right + left % right.df()
left.df()(right) x right.df()

f.df()



sealed class Fun<X : Fun<X>>(open val sVars: Set<Var<xX>> = emptySet())
Field<Fun<X>>, (Bindings<X>) —> Fun<X> {
constructor(fn: Fun<X>) : this(fn.sVars)
constructor(vararg fns: Fun<X>) : this(fns.flatMap { it.sVars }.toSet())

override operator fun plus(addend: Fun<X>): Fun<X> = Sum(this, addend)
override operator fun times(multiplicand: Fun<X>): Fun<X> = Prod(this, multiplicand)
override operator fun div(divisor: Fun<X>): Fun<X> = this % divisor.pow(-0One<x>())

override operator fun invoke(bnds: Bindings<xX>): Fun<X> =
Composition(this, bnds).run { if (bnds.isReassignmentFree) evaluate else this }

open operator fun invoke(): Fun<X> = invoke(Bindings())

open fun d(vl: Var<xX>): Fun<X> = Derivative(this, v1)

open fun d(vl: Var<xX>, v2: Var<xX>): Vec<X, D2> =
Vec(Derivative(this, v1), Derivative(this, v2))

open fun d(vararg vars: Var<xX>): Map<Var<xX>, Fun<xX>> =
vars.map { it to Derivative(this, it) }.toMap()



Gompile-time shape safety

Math Infix Prefix Postfix Operator Type Signature

A(B) . TRT T . TRA T A T
AoR a(b) (a:R"—=>R™, b :R*" > R") —» (R* - R™)
A+B :+E plus(a, b) (a:R™ - R™, b:R* -+ R™) = (R’ - R™)

AB a ° times(a, b) (a:R™ — R™*"  p: RN - R"*P) — (RS — R™*P)

a.times(b)
sin(a) sin(a) a.sin()
cos(a) cos(a) a.cos() | (a:R—R)—= (R—R)
tan(a) tan(a) a.tan()
log, A | a.log(b) log(a, b) (a:R™ — R™X™  ph:R* - R™*™) 5 (RY — R)
Ab a.pow(b) pow(a, b) (a:R™ = R™*™m  ph:R* 5 R) = (RY — R™X™)
da - Oa a.d(b)
b’ Ob : C(R™ - R :C(R* = R R — R
D i(a) /d(b) grad(a) [b] (a:C(R™" = R), b : C(R* - R)) —» (R = R)
Va grad(a) a.grad() | (a:C(R™" - R)) » (R" = R")
a.d(b) . T . A n ? n

VBa 2.qrad(b] grad(a, b) (a:C(R™" = R), b : C(R* > R")) = (R" — R")




Lazy Composition

class Composition<X : Fun<X>>(val fn: Fun<X>, val bindings: Bindings<X>) : Fun<X>() A
val evaluate by lazy { apply() }
override val sVars: Set<Var<X>> by lazy { evaluate.sVars }

fun Fun<X>.apply(): Fun<X> =
bindings.sMap.getOrElse(this) {
when (this) {
1s Var —> this
1s Const —> this
is Prod —> left.apply() *x right.apply()
is Sum —> left.apply() + right.apply()
is Power —> base.apply() pow exponent.apply()
is Derivative —> df().apply()

is Composition —> fn.apply().apply()



Kraphviz by Stefan Niederhauser:



https://github.com/nidi3/graphviz-java
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“With four parameters I can fit
an elephant, and with five I can
make him wiggle his trunk.”
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Gontinuity: hounded differences
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Gomputer science The world Is discrete

(Tommy Hinks)
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https://tommyhinks.com/2009/02/10/point-cloud-voxelization/

PhYSICIStS

Hamiltonian mechanics

P

dt
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Wave equation
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Nonlinear dynamics: no ciosed form solution

Double Pendulum Three Body Orbit

B


https://en.wikipedia.org/wiki/Three-body_problem
https://en.wikipedia.org/wiki/Double_pendulum




Arbitrarily high order differentiation

with(DoublePrecision) {
val y = sin(sin(sin(x))) / x + sin(x) * x + cos(x) + x
val ‘dy/dx’ = d(y) / d(x)
val “d?y/dx?" = d( dy/dx") / d(x)
val "d3y/dx3" = d( d?y/dx?") / d(x) Derivatives of y=sin(sin(sin(x)))-x™* + sin(x)-x + cos(x) + x
val "d*y/dx4" = d( d3y/dx3") / d(x)
val "d3y/dx5" d( d4y/dx*") / d(x)

val xs = (-9.0..9.0 step 0.01).toList()

val ys = xs.run { f\/7
arrayOf( < ) ‘ ' e
map { y(it) }’ \ \ T2 . ‘)/ — d?y/x?
map { “dy/dx (it) }, ‘ V‘
map { "d?y/dx?’ (it) }, '

— d3y/dx3
— d4y/dx4
d’y/dx’

map { “d3y/dx3" (it) },
map { “d%y/dx*’ (it) },
map { d3y/dx> (it) }
)
}.map { it.toDoubleArray() }




Arbitrarily high order differentiation

with(DoublePrecision) {
val f = sin(10 x (x x x + pow(y, 2))) / 10
val z = d(f) / d(x)
val n d(d(Z) / d(y)) /d(X) ////// =

n{xc, yc) R A




Type safe vector manipulation

val vfl = Vec(y + x, y % 2)

val vf3 = Vec(1.0, 2.0, 3.0)

vfl x vf3

val bh = x % vfl + Vec(1.0, 3.0)

bh(y to 2.0, x to 4.0)

val vf2 = Vec(x, V)

val g = vfl + vf2 + Vec(0.0, 0.0)

val z = g(x to 1.0).magnitude()(y to 2.0)

val vfd
val mfl

vf2 o Vec(x, x)
vf3.d(x, vy)



Type safe matrix manipulation

val mfl = Mat2x1(y *x y, X *x y)

val mf2 = Matlix2(vf2)

val qr = mf2 % Vec(x, y)

val mf3 = Mat3x2(x, X, vy, X, X, X)

val mf4 = Mat2x2(vf2, vf2)

val mf5 = Mat2x2(y x y, X * X, X *ky, Yy % Vy)
val mf6 = mf4 x mf5 % mfl

println(mfl % mf2) // 2%1 x 1%2
println(mfl x vfl) // 2%1 x 2
printiln(mf2 x vfl) // 1%2 x 2
printiln(mf3 x vfl) // 3%2 x 2
println(mf3 x mf3) // 3%2 x 3%2



Type safe currying (experimentall

val
val
val
val
val

val
val
val
val

val
val
val

q=X+Y+Z+Y+ 0.0

totalApp = q(X to 1.0, Y to 2.0, Z to 3.0)
partialApp = q(X to 1.0, Y to 1.0)(Z to 1.0)
partialApp2 = q(X to 1.0)(Y to 1.0, Z to 1.0)
partialApp3 = q(Z to 1.0)(X to 1.0, Y to 1.0)

t=X+272Z/7Z+Y + 0.0

v = t(Y to 4.0)

L =1t(X to 1.0)(Z to 2.0)

r=1t(X to 1.0)(Z to 2.0)(Y to 3.0)
o=X+7Z+ 0.0

k = o(Y to 4.0) // Does not compile
s = (o(X to 1.0) + Y)(Z to 4.0)(Y to 3.0)
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“Neural networks are not just
another classifier, they represent
the beginning of a fundamental
shift in how we write software.”
-Andrej Karpathy




Why do derivatives matters

Differentiable Probabilistic
Programming Programming

HMC
Autodiff @ ADVI s MCMC
, g -

,'Variational®,

Neural ' Inference | | Graphical
Neural \ / B
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Learn more at:

KotlinV



http://kg.ndan.co/

KMath


https://github.com/mipt-npm/kmath
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