Lecture «Robot Dynamﬁ:s» Klnematlcs 3

151-0851-00 V
lecture: CAB G11 Tuesday 10:15 — 12:00, every week
exercise: HG E1.2 Wednesday 8:15 — 10:00, according to schedule (about every 2nd week)

Marco Hutter, Roland Siegwart, and Thomas Stastny
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19.09.2017

Intro and Outline

Course Introduction; Recapitulation Position, Linear Velocity

26.09.2017  Kinematics 1 Rotation and Angular Velocity; Rigid Body Formulation, Transformation 26.09.2017 Exercise 1a Kinematics Modeling the ABB
arm

03.10.2017  Kinematics 2 Kinematics of Systems of Bodies; Jacobians 03.10.2017 Exercise 1b Differential Kinematics of the
ABB arm

10.10.2017  Kinematics 3 Kinematic Control Methods: Inverse Differential Kinematics, Inverse 10.10.2017 Exercise 1c Kinematic Control of the ABB

Kinematics; Rotation Error; Multi-task Control Arm

17.10.2017  Dynamics L1 Multi-body Dynamics 17.10.2017 Exercise 2a Dynamic Modeling of the ABB
Arm

24.10.2017  Dynamics L2 Floating Base Dynamics 24.10.2017

31.10.2017  Dynamics L3 Dynamic Model Based Control Methods 31.10.2017 Exercise 2b Dynamic Control Methods
Applied to the ABB arm

07.11.2017  Legged Robot Dynamic Modeling of Legged Robots & Control 07.11.2017 Exercise 3 Legged robot

14.11.2017  Case Studies 1 Legged Robotics Case Study 14.11.2017

21.11.2017  Rotorcraft Dynamic Modeling of Rotorcraft & Control 21.11.2017 Exercise 4 Modeling and Control of
Multicopter

28.11.2017  Case Studies 2 Rotor Craft Case Study 28.11.2017

05.12.2017  Fixed-wing Dynamic Modeling of Fixed-wing & Control 05.12.2017 Exercise 5 Fixed-wing Control and
Simulation

12.12.2017  Case Studies 3 Fixed-wing Case Study (Solar-powered UAVs - AtlantikSolar, Vertical

Take-off and Landing UAVs — Wingtra)
19.12.2017  Summery and Outlook Summery; Wrap-up; Exam
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Multi-body Kinematics
Intro

= Machines are built and controlled to
= achieve extremely accurate positions,
= independent of the load the robot carries

» Very stiff structure
» Play-free gears and transmissions
» High-accurate joint sensors

HumorOn.com

» End-effector accuracy +/- 0.02mm!

= Large variety of robot arms

Antropomorphic Cylindric Scara Cartesian
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Fixed Base vs. Floating Base Robot

= Base frame is rigidly connected to ground

= Often indicated as CS 0

Prismatic Joint

End-Effector

Base frame is free floating

Often indicated as CS B (base)
6 unactuated DOFs!

6 Virtual DOFs

Inertial Frame
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Classical Serial Kinematic Linkages
Generalized robot arm

= 7; joints
= revolute (1DOF)
= prismatic (1DOF)
= n; =n;+ 1links
= n; moving links
= 1 fixed link

Prismatic Joint

Revolute
Joint

End-Effector
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Configuration Parameters
Generalized coordinates

Generalized coordinates
A set of scalar parameters q that

_ [ Te (e describe the robot’s configuration q1
_ Xe= {4 | € SE(3)
6 parameters/link e = Must be complete q= c R
5 constraints = (Must be independent) Gn,

=> minimal coordinates
* |s not unique

\

6 parameters
« 3 positions
« 3 orientations

Degrees of Freedom

n moving links: 6n parameters = Nr of minimal coordinates

n 1DoF joints: 5n parameters
6n — 5n = n DoFs
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End-effector Configuration Parameters

= End-effector configuration parameters

= A set of m parameters that completely specify
the end-effector position and orientation with respectto Z

X1
X P . m
. = € — : ceR
Xe (XeR) ’

Xm

= QOperational space coordinates

= the m, configuration parameters are independent
=> m, number of degrees of freedom of end-effector

() - ()

XTT?,O
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End-effector Configuration Parameters
Example

= Most general robot arm:

| q =
| me= m0=
" Xe= Xo=
= SCARA robot arm
| q =
| mez m0=
" Xe= Xo=
= ANYpulator: robot arm with 4 rotational joints
=q=
| mez m0=

" Xe~ Xo~=
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End-effector Configuration Parameters
Example

= Most general robot arm:
= q= (q.-9,)

= SCARA robot arm

= ANYpulator: robot arm with 4 rotational joints
= q=(9,90.9)
" My= 6 my= 4
" Xe™ (X’y’z’ax”By’yz) Xo~=
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End-effector Configuration Parameters
Example

= Most general robot arm:
= q= (4.-9,)

= SCARA robot arm

= ANYpulator: robot arm with 4 rotational joints
= q=(9,0,0.9)
" My= 6 my= 4
" Xe™ (X’y’z’ax”By’yz) Xo~=
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End-effector Configuration Parameters
Simple example

= Planar robot arm
= 3 revolute joints
= 1 end-effector (gripper) <= don’t consider this for the moment

= What are the joint coordinates (generalized coordinates)?

= What are the end-effector parameters?
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Configuration Space & Joint Space

= Joint Coordinates

» Operational Coordinates
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Configuration Space & Joint Space

= Joint Coordinates => Joint Space

03 ?,
q=| ¢,
@5

v
S
N

04

2 N

(08

» Operational Coordinates => Operational Space
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Forward Kinematics

= End-effector configuration as a function of generalized coordinates

Xe = Xe (Q) cR"™

= For multi-body system, use transformation matrices

C r
TIE TIO (H Tk 1.k (H. ) J TnJ = [ (:)Zf(?) Z I}'i (q)
X
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Forward Kinematics
Simple example

= What is the end-effector configuration as a function
of generalized coordinates?
Te =T, T, T, T, T

100 0][c, 0s 0fc, 0s, 0c, 0's, 0O][L 0 0 0]
01000 10 o0[0 1 000 1 000100
oo 1 0f-s 0 ¢ Il|-s, 0c I|-s 0c Lo o 11
000 1]lo 00 1//0 00 10 0 0 1000 1

Si23 s, + 1,8, + 155,
0 0

Cos | Iy +1iCi+1,C, +1,C,
0 1

0
1
0
0
e lysin{qy) + lasin (g1 + g2) + l3sin (g1 + g2 + ¢3)
Xep (@) = (2) B (lo + 11 cos (q1) + L2 cos (g1 + q2) + l3cos (g1 + g2 + (IB))

XeR (q) — XeR (q) —|4q1 + q2 + q3 Robot Dynamics - Kinematics 3 | 03.10.2017 | 15




Forward Differential Kinematics
Analytical Jacobian

. . Xep () ( r ( )
= Forward Kinematics x;[x j=xe(q) Tre(q) = Txzo - (HTL g «a)-’rn_, _fo?J zrie q}

= Forward Differential Kinematics
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Forward Differential Kinematics
Analytical Jacobian

. . Xep c rre
= Forward Kinematics x;[x j=xe(q) Tz¢(q) = Tzo - (HTL L (M)-T,;_,F[ ze(q)  IrIE (q)}

= Forward Differential Kinematics ;
= Analytic: .+ dx, = x. (q + 6q) = X, (q) + = ) 5q + O (6q”)

d
aX ( ) . () gy dq”j
5Xe~ 5 5 _JGA( )5(1 Wlth ']-eA_dL_
d R P 9o
dqy gy, ;

Xe =Jea(q)q  withJ 4 (q) € R
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Analytical Jacobian
Planar robot arm

= Given (from last example)

x Lsin (g1) + Lo sin (g1 + go) + lasin (g1 + g2 + g3)
XeP (q) = —

z lo+ 11 cos (q1) + lacos (g1 + q2) + I3 cos(q1 + g2 + g3)
Xcr{d) = Xer () =q1 + @2 + @3

= Determine the analytical Jacobian
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Analytical Jacobian
Planar robot arm

= Given (from last example)

@ — (%) - lysin(qy) + lesin (g1 + g2) + l3sin (g1 + g2 + q3)
XeP U= 2 )7 o + 1y cos (q1) + Lo cos (g1 + g2) + L3 cos (q1 + g2 + g3)

Xer(d) = xer(d) =q1 T2 + @3

= Determine the analytical Jacobian

J.1p (Q) Xep | lieg +laeqa +lgeiaz lacyn +l3e013 30913 c R2%3

dq —lysy — lysy19 — l35103  —losyo — l3s013  —l35913

Joan(q) ()(?)‘—QR 11 1] e RM*?
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Forward Differential Kinematics
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Forward Differential Kinematics

) gy (q“j
= Analytic: oy, ~ X Vg g (@oq with J, = e |
dqy i)q“j
- : . | Depending on _ -
f— / | Me XN We = E€ e e
Xc=Jea(@)q withJea(a) €R parameterization!! | (Xe) Xe
. Geometric: | w. — (V) = J (q)¢ ‘h ] REX7, Independent of Jeo(q) =E. (x)Jea (q)
I We T\, ) T Tl a with Jdeo () € parameterization

\e
= Algebra: Wo = (w(;) = Wp + WpC
Jeq=Jpq+ Jpcq

aJo = adp + adBc
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Velocity in Moving Bodies

= Definitions
v p: the absolute velocity of P
ap = vp: the absolute acceleration of P
(23 = w4pi: (absolute) angular velocity of body B

Ui = Qg (absolute) angular acceleration of body B

= Remember the difference:

= Velocity

= Time derivative of coordinates:
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Vector Differentiation in Moving Frame
Euler differentiation rule

Robot Dynamics - Kinematics 3 | 03.10.2017 | 23



Vector Differentiation in Moving Frame
Euler differentiation rule

= For non-moving reference frames: ~ AY? — AMAP

= For moving reference frames: Vp #Tap

= Vector differentiation in moving frames (A = inertial/reference frame):

d
— C - — (C : -
@Vp BA dt( AB - BTAP)

:CBA-(CAB-Bf'Ap+CAB-BPAP) [awasl, = CasClis

= Cpa - (Cas Brap + [awaBl, - CuB - BrAP)

= plap +Cpa - [awusl, -Cus - Brap Bwasl, = Cpa - [awas], - Cas
= pBrap + BwA@X BrAP
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Velocity in Moving Bodies
Rigid body formulation

Apply transformation rule as learned before

Differentiate with respect to time

Substitute

Rigid body formulation
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Velocity in Moving Bodies
Rigid body formulation

Apply transformation rule as learned before

AT AP = ATAB + AYBp = ATap + CaB - BYBP

Differentiate with respect to time

ATap = ATAR + Cuap -Brep + CaB - BTBP

Substitute CAB = {A‘-"’AB]X - Cun

Rigid body formulation

AYap = A¥ap + [awasl, - CaB - BrBP

= ATAB + AWAB X ATBP
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Geometric Jacobian Derivation

Rigid body formulation at a single element

Apply this to all bodies

Angular velocity propagation

...get the end-effector velocity
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Geometric Jacobian Derivation

Rigid body formulation at a single element

Trk = Tr(k—1) T WI(k=1) X F(k—1)k

Apply this to all bodies

I'rp = E WT g X Tp(ht1)
=1

Angular velocity propagation

WI() = @I T @Rk | S e

with  Wk—1)k = Nk i=1

...get the end-effector velocity

n ke n
Prp=> {Z (05¢;) x I‘;.-u.-+'|)} = Ml X Tppa)
k=1

k=1 i=1
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Geometric Jacobian Derivation

= Position Jacobian e =Y mids x v
k=1

q1
- q2
Yrg = [111 XKT¥y(p+1) D2 XToppy) -0 N X rn(n—l—l)]
Jeop 4,
k
= Rotation Jacobian from “Zk = E :na‘fh
i=1
0 el
- 2
WTe = Z n;q; = [nl o R nn]
i=1 h ~ -
Seon n
J s nj ¥ Ty Ny X Tro¢, css  THy ¥ gr
spablegy = LYe0p [ _ |B ATV 41y DI A ZL2(nd1) THn X Iln(n+1) Ny, = CI(k—l)'(k—l)nlc
g
IJdeOR 1y 7o - n,
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Geometric Jacobian
Planar robot arm

= Preparation: determine the rotation matrices
1 () S1 (2] () 59 [ U S0
Crin=0 1 0 Cro=Cr,-| 0 1 0l=1|0 L0 Cry =
— 5 ﬂ o] ) 0 (&) —AN]2 0 €19
= Determine the rotation axes o
_ n) = o = €y
= Locally ni=in,=yny=e, Inertial frame  n, = c;, - n, =e,
sy = Gy -ony = e
= Determine the position vectors
S S22 Sp2g
Irig = zP12 +zras +z03e = Cpp - vya + Craooroy + Cry s arap =1 ( ("-'] ) + {3 ( 0 ) + 1y ( 0 )
Ir2p = IT23 + IT3F =, Irsg = .. o o o
= Get the Jacobian

7Jcop = [0y X Irip T2 X Irap  TN3 X Ir3p) rJo, = [z 1ny 1ny)
Lier+ ez +lacizs ez + a2z laeis ] f] 0 ”]
: =11 1 1

= 0 0 0

[y lysyo — l3cy03 [a519 35193 [35193 0 0 0
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Recapitulation
Analytical and Kinematic Jacobian

= Analytical Jacobian = Geometric (or basic) Jacobian
. . Ve )
Xe :JBA (Q)q We = W, = Jeo (q)q‘
{ Jeo (q) = Ec (x) Jea (q) f

» Relates time-derivatives of config. parameters = Relates end-effector velocity
to generalized velocities to generalized velocities

= Depending on selected parameterization = Unique for every robot
(mainly rotation) in 3D AL < Aq
Note: there exist no “rotation angle”

= Mainly used for numeric algorithms = Used in most cases
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Importance of Jacobian

= Kinematics (mapping of changes from joint to task space)
= |nverse kinematics control
= Resolve redundancy problems
= EXxpress contact constraints

= Statics (and later also dynamics)

= Principle of virtual work
= Variations in work must cancel for all virtual displacement
= Internal forces of ideal joint don’t contribute

oW = fo =1'5q+(-F ) ox,

=1 5q+(- E) Joq=0 Vdq

x =Jq
t=J'F

» Dual problem from principle of virtual work
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Floating Base Klnematllcu‘:s

151-0851-00 V

lecture: CAB G11 Tuesday 10:15 — 12:00, every week

exercise: HG E1.2 Wednesday 8:15 — 10:00, according to schedule (about every 2nd week)
office hour: LEE H303 Friday 12.15 — 13.00

Marco Hutter, Roland Siegwart, and Thomas Stastny
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Floating Base Systems
QD’—{QT&;‘ HAA

Kinematics

= Generalized coordinates

q= (qb) with A = (qbp) €RY x SO(3)
q; Qv

7
1€y
constraint contac Orces
Ix

intertial frame 1

= Generalized velocities and accelerations?

. .. (a) Quadruped
= Time derivatives (,( depend on parameterization

IVB ap
E“_”IB @'3_011;
u Often u = {’01 E R6+le = R'flu u = '?:1 E R[H_”J S‘\..’lrtua\ DOFs
‘r;)nj TE”J'
I3x3 O 0
= Linear mapping u=Ej, -q.with Ef=| 0 E,,_ 0
0 O I[T?,j XRJ‘

(b) Humanoid



Floating Base Systems
QJ’—{QT&;} HAA

Differential kinematics

= Position of an arbitrary point on the robot
1r10(q) = zr3(q)|+4 Cm(q)| |51 5o (q)|

zTs (qb) Cu (qb) 5T80 (qj) ‘ Z‘e" o constosns contact e

intertial frame 1

= Velocity of this point (2) Quadruped
[szzs’]x =Cpy [zmzzs’]x C;'z

= CTZBCZBCTZBCZK = CTZBCZB

7vo =1Vp +Czs 5o + C15 - BT 10
=1vp + C1 - [Bwm|, - 8TEg + C1B - BB

= 3N — CIB ) [BI'BQ]X - BWIB + CﬂS : BrBQ 5 Vil DOFs
=1Ve — C15 - [5rE0), - Bw1B + C13 - 8P, (q;) - ) Ve
BWIB
= [H:3><3 —Czs-[sreol,  Cm-slp, (%)J u with u=| ¥
Z'JQ (q) ‘1:311_;'

(b) Humanoid



Contact Constraints

= A contact point (; is not allowed to move:
= Constraint as a function of generalized coordinates:

= Stack of constraints
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Contact Constraints

= A contact point (; is not allowed to move:
0

Iric, = const, 1rrc, = 1frc, = | 0
0
= Constraint as a function of generalized coordinates:

7Jc,u =0, Joat+zJou=0

= Stack of constraints

J. = . c RfﬂnCXnn
c = .
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Contact Constraint
Wheeled vehicle simple example

= (Contact constraints

top view

= Point on wheel @ O

X 1
= Jacobian e P side view
Iex r P

= Contact constraints
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Contact Constraint
Wheeled vehicle simple example

= (Contact constraints ,

top view

X+ rsin(g)
= Pointon wheel {H rcos@)} @ O

0

X 1
= Jacobian L reos(p) side view
2Jp, =0 —rsin(p) i€y ¢
O O Iex r P

= Contact constraints

I —-r
zrw\(/,zﬁ = zJpL,,:,, q= l:o 0 ]((bj =0 X Un-actuated base
00 1= Q Actuated joints

=> Rolling condition X—rp=0

Robot Dynamics - Kinematics 3 | 03.10.2017 | 39



Properties of Contact Jacobian

= Contact Jacobian tells us, how a system can move.

. . Nex(Ny+Nn;
= Separate stacked Jacobian  J. = [J.,| J.;| = [S’;b 3’;] eR (n <)

relation between base motion and constraints
= Base is fully controllable if :-ra,-;rz,]{.(,]cab) — 6

= Nr of kinematic constraints for joint actuators: rank(J.) - rank(J.;)

= (Generalized coordinates DON'T correspond to the degrees of freedom
= Contact constraints!

= Minimal coordinates (= correspond to degrees of freedom)
= Require to switch the set of coordinates depending on contact state (=> never used)
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Quadrupedal Robot with Point Feet

= Floating base system with 12 actuated joint and 6 base coordinates (18DoF)

Total constraints

Internal constraints

Uncontrollable DoFs
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Quadrupedal Robot with Point Feet

= Floating base system with 12 actuated joint and 6 base coordinates (18DoF)

Total constraints 0 3 6 9 12
Internal constraints 0 0 1 3 6

Uncontrollable DoFs 6 3 1 0 0
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Outlook

= Exercise TOMORROW

= Differential Kinematics B-_{E}
= Use it as extended office hour!

| Configuration
end-effector

= Next Lecture Inverse
= Script Section 2.9 (Kinematic Control Methods) " Kinematics
= Inverse Kinematics _ Joint angles

= |nverse Differential Kinematics
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