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151-0851-00 V

lecture: CAB G11 Tuesday 10:15 – 12:00, every week

exercise: HG E1.2 Wednesday 8:15 – 10:00, according to schedule (about every 2nd week)

Marco Hutter, Roland Siegwart, and Thomas Stastny

03.10.2017Robot Dynamics - JPL vs Hamiltonian 1

Lecture «Robot Dynamics»: Quaternion JPL/Hamiltonian
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Difference Hamiltonian and JPL convention
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 Product of quaternions

 Given two quaternions q and p, the product is defined as
𝜻 ⊗ 𝒑 = 𝑞0 + 𝑞1𝒊 + 𝑞2𝒋 + 𝑞3𝒌 𝑝0 + 𝑝1𝒊 + 𝑝2𝒋 + 𝑝3𝒌
𝜻⊗ 𝒑 = 𝑞0𝑝0 + 𝑞0𝑝1𝒊 + 𝑞0𝑝2𝒋 + 𝑞0𝑝3𝒌
𝜻⊗ 𝒑 = +𝑞1𝑝0𝒊 + 𝑞1𝑝1𝒊𝒊 + 𝑞1𝑝2𝒊𝒋 + 𝑞1𝑝3𝒊𝒌
𝜻 ⊗ 𝒑 = +𝑞2𝑝0𝒋 + 𝑞2𝑝1𝒋𝒊 + 𝑞2𝑝2𝒋𝒋 + 𝑞2𝑝3𝒋𝒌
𝜻 ⊗ 𝒑 = +𝑞3𝑝0𝒌 + 𝑞3𝑝1𝒌𝒊 + 𝑞3𝑝2𝒌𝒋 + 𝑞3𝑝3𝒌𝒌
𝜻⊗ 𝒑 = 𝑞0𝑝0 − 𝑞1𝑝1 − 𝑞2𝑝2 − 𝑞3𝑝3
𝜻 ⊗ 𝒑 = +(𝑞0𝑝1 + 𝑞1𝑝0 + 𝑞2𝑝3 − 𝑞3𝑝2)𝒊
𝜻 ⊗ 𝒑 = +(𝑞0𝑝2 − 𝑞1𝑝3 + 𝑞2𝑝0 + 𝑞3𝑝1)𝒋
𝜻 ⊗ 𝒑 = +(𝑞0𝑝3 + 𝑞1𝑝2 − 𝑞2𝑝1 + 𝑞3𝑝0)𝒌

𝜻 ⊗ 𝒑 =

𝑞0 −𝑞1
𝑞1 𝑞0

−𝑞2 −𝑞3
−𝑞3 𝑞2

𝑞2 𝑞3
𝑞3 −𝑞2

𝑞0 −𝑞1
𝑞1 𝑞0

𝑝0
𝑝1
𝑝2
𝑝3

=
𝑞0 −ෘ𝜻𝑇

ෘ𝜻 𝑞0𝑰 + ෘ𝜻
×

=:𝑴𝒍
𝒉 𝜻

𝒑 = 𝑴𝒍
𝒉 𝜻 𝒑

𝜻⊗ 𝒑 =

𝑝0 −𝑝1
𝑝1 𝑝0

−𝑝2 −𝑝3
𝑝3 −𝑝2

𝑝2 −𝑝3
𝑝3 𝑝2

𝑝0 𝑝1
−𝑝1 𝑝0

𝑞0
𝑞1
𝑞2
𝑞3

=
𝑝0 −𝒑𝑇

𝒑 𝑝0𝑰 − 𝒑 ×

=:𝑴𝒓
𝒉 𝒑

𝜻 = 𝑴𝒓
𝒉 𝒑 𝜻
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Hamiltonian 

Algebra

0 1 2 3i j k      ξ

2 2 2 1i j k ijk    

Hamiltonian convention

2ij ji ijk k

jk kj i

ki ik j
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 Derivation of rotation matrix (𝜻 = 𝜻𝐵𝐼):

 𝒑 𝐵𝒓 = 𝜻⊗ 𝒑 𝐼𝒓 ⊗ 𝜻𝑇 = 𝑴𝒍 𝜻 𝑴𝒓(𝜻
𝑇)

0

𝐼𝒓


0

𝐵𝒓
=

ζ0 −ෘ𝜻𝑇

ෘ𝜻 ζ0𝑰 + ෘ𝜻
×

ζ0 ෘ𝜻𝑇

−ෘ𝜻 ζ0𝑰 + ෘ𝜻
×

0

𝐼𝒓


0

𝐵𝒓
=

ζ0
2 + ෘ𝜻

2
ζ0ෘ𝜻

𝑇 − ζ0ෘ𝜻
𝑇 − ෘ𝜻𝑇 ෘ𝜻

×

ζ0ෘ𝜻 − ζ0ෘ𝜻 − ෘ𝜻
×
ෘ𝜻 ෘ𝜻ෘ𝜻𝑇 + ζ0

2𝑰 + 2ζ0 ෘ𝜻
×
+ ෘ𝜻

×
ෘ𝜻
×

0

𝐼𝒓


0

𝐵𝒓
=

1 0

0 ζ0
2 − ෘ𝜻

2
𝑰 + 2ζ0 ෘ𝜻

×
+ 𝟐ෘ𝜻ෘ𝜻𝑇

0

𝐼𝒓

 𝐵𝒓 = ζ0
2 − ෘ𝜻

2
𝑰 + 2ζ0 ෘ𝜻

×
+ 𝟐ෘ𝜻ෘ𝜻𝑇 𝐼𝒓

 𝑪𝑩𝑰 𝜻 = 2ζ0
2 − 1 𝑰 + 2ζ0 ෘ𝜻

×
+ 𝟐ෘ𝜻ෘ𝜻𝑇 03.10.2017Robot Dynamics - JPL vs Hamiltonian 4

Hamiltonian

Derivation of rotation matrix

ෘ𝜻
×
ෘ𝜻
×

=ෘ𝜻ෘ𝜻𝑇- ෘ𝜻
2
I

𝑴𝒓 𝜻 =
𝜁0 −ෘ𝜻𝑇

ෘ𝜻 𝜁0𝑰 − ෘ𝜻
×

ෘ𝜻𝑇
×

= − ෘ𝜻
×

𝜻−𝟏 = 𝜻𝑻 =
𝜁0
−ෘ𝜻
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 Product of quaternions

 Given two quaternions q and p, the product is defined as
𝜻 ⊗ 𝒑 = 𝑞0 + 𝑞1𝒊 + 𝑞2𝒋 + 𝑞3𝒌 𝑝0 + 𝑝1𝒊 + 𝑝2𝒋 + 𝑝3𝒌
𝜻⊗ 𝒑 = 𝑞0𝑝0 + 𝑞0𝑝1𝒊 + 𝑞0𝑝2𝒋 + 𝑞0𝑝3𝒌
𝜻⊗ 𝒑 = +𝑞1𝑝0𝒊 + 𝑞1𝑝1𝒊𝒊 + 𝑞1𝑝2𝒊𝒋 + 𝑞1𝑝3𝒊𝒌
𝜻 ⊗ 𝒑 = +𝑞2𝑝0𝒋 + 𝑞2𝑝1𝒋𝒊 + 𝑞2𝑝2𝒋𝒋 + 𝑞2𝑝3𝒋𝒌
𝜻 ⊗ 𝒑 = +𝑞3𝑝0𝒌 + 𝑞3𝑝1𝒌𝒊 + 𝑞3𝑝2𝒌𝒋 + 𝑞3𝑝3𝒌𝒌
𝜻⊗ 𝒑 = 𝑞0𝑝0 − 𝑞1𝑝1 − 𝑞2𝑝2 − 𝑞3𝑝3
𝜻 ⊗ 𝒑 = +(𝑞0𝑝1 + 𝑞1𝑝0 − 𝑞2𝑝3 + 𝑞3𝑝2)𝒊
𝜻 ⊗ 𝒑 = +(𝑞0𝑝2 + 𝑞1𝑝3 + 𝑞2𝑝0 − 𝑞3𝑝1)𝒋
𝜻 ⊗ 𝒑 = +(𝑞0𝑝3 − 𝑞1𝑝2 + 𝑞2𝑝1 + 𝑞3𝑝0)𝒌

𝜻 ⊗ 𝒑 =

𝑞0 −𝑞1
𝑞1 𝑞0

−𝑞2 −𝑞3
𝑞3 −𝑞2

𝑞2 −𝑞3
𝑞3 𝑞2

𝑞0 𝑞1
−𝑞1 𝑞0

𝑝0
𝑝1
𝑝2
𝑝3

=
𝑞0 −ෘ𝜻𝑇

ෘ𝜻 𝑞0𝑰 − ෘ𝜻×

=:𝑴𝒍
𝑱
𝜻

𝒑 = 𝑴𝒍
𝑱
𝜻 𝒑

𝜻⊗ 𝒑 =

𝑝0 −𝑝1
𝑝1 𝑝0

−𝑝2 −𝑝3
−𝑝3 𝑝2

𝑝2 𝑝3
𝑝3 −𝑝2

𝑝0 −𝑝1
𝑝1 𝑝0

𝑞0
𝑞1
𝑞2
𝑞3

=
𝑝0 −𝒑𝑇

𝒑 𝑝0𝑰 + 𝒑×

=:𝑴𝒓
𝑱
𝒑

𝜻 = 𝑴𝒓
𝑱
𝒑 𝜻
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JPL

algebra

𝒋𝒊 = −𝒌2𝒋𝒊 = 𝒌
𝒊𝒌 = 𝒋
𝒊𝒋 = −𝒌
𝒋𝒌 = −𝒊
𝒌𝒊 = −𝒋
𝒌𝒋 = 𝒊

!!!! JPL !!!
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 Derivation of rotation matrix (𝜻 = 𝜻𝐼𝐵
𝐽

):

 𝒑 𝐼𝒓 = 𝜻⊗ 𝒑 𝐼𝒓 ⊗ 𝜻𝑇 = 𝑴𝒍 𝜻 𝑴𝒓(𝜻
𝑇)

0

𝐵𝒓


0

𝐼𝒓
=

𝑞0 −ෘ𝜻𝑇

ෘ𝜻 𝑞0𝑰 − ෘ𝜻×
𝑞0 ෘ𝜻𝑇

−ෘ𝜻 𝑞0𝑰 − ෘ𝜻×
0

𝐵𝒓


0

𝐼𝒓
=

𝑞0
2 + ෘ𝜻

2
𝑞0ෘ𝜻

𝑇 − 𝑞0ෘ𝜻
𝑇 + ෘ𝜻𝑇 ෘ𝜻×

𝑞0ෘ𝜻 − 𝑞0ෘ𝜻 + ෘ𝜻×ෘ𝜻 ෘ𝜻ෘ𝜻𝑇 + 𝑞0
2𝑰 − 2𝑞0ෘ𝜻

× + ෘ𝜻×ෘ𝜻×
0

𝐵𝒓


0

𝐼𝒓
=

1 0

0 𝑞0
2 − ෘ𝜻

2
𝑰 − 2𝑞0ෘ𝜻

× + 𝟐ෘ𝜻ෘ𝜻𝑇
0

𝐵𝒓

 𝐼𝒓 = 𝑞0
2 − ෘ𝜻

2
𝑰 − 2𝑞0ෘ𝜻

× + 𝟐ෘ𝜻ෘ𝜻𝑇 𝐼𝒓

 𝑪𝑰𝑩 𝜻 = 2𝑞0
2 − 1 𝑰 − 2𝑞0ෘ𝜻

× + 𝟐ෘ𝜻ෘ𝜻𝑇
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JPL

Derivation of rotation matrix

 𝑪𝑩𝑰 𝜻 = 𝑪𝑩𝑰
𝑇 𝜻 = 2𝑞0

2 − 1 𝑰 + 2𝑞0ෘ𝜻
× + 𝟐ෘ𝜻ෘ𝜻𝑇


