Lecture «Robot Dynamlcs» Km tlcs 2

151-0851-00 V
lecture: CAB G11 Tuesday 10:15 — 12:00, every week
exercise: HG E1.2 Wednesday 8:15 — 10:00, according to schedule (about every 2nd week)

Marco Hutter, Roland Siegwart, and Thomas Stastny
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19.09.2017 Intro and Outline Course Introduction; Recapitulation Position, Linear Velocity

26.09.2017 Kinematics 1 Rotation and Angular Velocity; Rigid Body Formulation, Transformation 26.09.2017 Exercise 1a Kinematics Modeling the ABB
arm

03.10.2017  Kinematics 2 Kinematics of Systems of Bodies; Jacobians 03.10.2017 Exercise 1b Differential Kinematics of the
ABB arm

10.10.2017 Kinematics 3 Kinematic Control Methods: Inverse Differential Kinematics, Inverse 10.10.2017 Exercise 1¢ _Kinematic Control of the ABB

Kinematics; Rotation Error; Multi-task Control Arm

17.10.2017 Dynamics L1 Multi-body Dynamics 17.10.2017 Exercise 2a Dynamic Modeling of the ABB
Arm

24.10.2017 Dynamics L2 Floating Base Dynamics 24.10.2017

31.10.2017 Dynamics L3 Dynamic Model Based Control Methods 31.10.2017 Exercise 2b Dynamic Control Methods
Applied to the ABB arm

07.11.2017 Legged Robot Dynamic Modeling of Legged Robots & Control 07.11.2017 Exercise 3 Legged robot

14.11.2017 Case Studies 1 Legged Robotics Case Study 14.11.2017

21.11.2017  Rotorcraft Dynamic Modeling of Rotorcraft & Control 21.11.2017 Exercise 4 Modeling and Control of
Multicopter

28.11.2017  Case Studies 2 Rotor Craft Case Study 28.11.2017

05.12.2017  Fixed-wing Dynamic Modeling of Fixed-wing & Control 05.12.2017 Exercise 5 Fixed-wing Control and
Simulation

12.12.2017 Case Studies 3 Fixed-wing Case Study (Solar-powered UAVs - AtlantikSolar, Vertical

Take-off and Landing UAVs — Wingtra)
19.12.2017 Summery and Outlook Summery; Wrap-up; Exam
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Last Time: Position Parameterization
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Rotation Parameterization
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Euler Angles
Consecutive elementary rotations

824/\ B

= Three elementary rotations
= ZYZ and ZXZ: proper Euler angles T 8
= ZYX: Tait-Bryan angles >
= XYZ: Cardan angles
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From Euler Angles to Rotation Matrix i ﬁ
ZYZ example // —

Cio=Cp (XR,eulerzvz ) =C 5 (Zl)Cb’C’ (Y)Ccp (22)
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From Rotation Matrix to Euler Angles
ZYZ example

= Arotation matrix has the following form

C11 €12 (€13
CAD — |21 €22 (323
C31 €32 (€33

= As a function of ZYZ Euler Angles, we found

Cap = [CoySzy + CyCySzy  CoyCoy — CySzy Sz SySzy
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Euler Angles <& Rotation Matrix

ZY X example

= Rotation parameters

0

XR,BUZBTZYX — Y

=

= Rotation matrix from Euler Angles

Cup = C45(2)Cpr(y)Cep(x)

[cosz —sinz 0 cosy 0 siny
= |[sinz cosz O 0 1 0
0 0 1| |—siny 0 cosy
_cycz Cy8ySy — CxSz SzpSy 1 CpC:Sy
= |CySz CxCy + S38ySz CxpSySy — CzSy
| —Sy CySg CxCy

= Ar:CADDr

1
0
0

0

CoS T
sin

LB

—sinx
COS T

aQ
25
w ey

/
Y

B
€z eg

= Euler Angles from Rotation matrix

atan2 (ca1,c11)

z
_ _ 2 p)
XReulerzyX — | Y | = atan? (—031; V€39 T 033)
L atan? (c32, c33)
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Angle Axis and Rotation Vector A Aet
’ n
0
= Angle axis parameterize the rotation by: ey
>
ey
= Rotation vector (aka Euler vectors)
ey
= Rotation matrix is given by Parameters from
rotation matrix
C s (6,n)=cos(0)1,,—sin(0)[n] +(1-cos(&))nn’ 0 — cog-L (011 + 022; C33 — 1)
n2(1—cq) + cp ngny(l —cg) —nzse ngn.(l —cg) + nyse . C39 — C93
Cas = |nany(l —cg) +n.se ni(l —cg) + cop nyn. (1 —cgp) — ngzpsg n = 257 (0) c13 — €31
ngn.(1l—cg) —nysg nyn.(l—co)+nzse n2(1 —cy) + co C21 — €12
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Unit Quaternions Sh et
Rotation parameterization w/o singularity problem "' n
0
ey
>
e
eA
xr 6?
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Unit Quaternions < Rotation matrix

Cap = lass + 260 [€], +2[€]] = (263 — 1) Taws + 20 [€], +28&"

| . .
Rotation matrix 24622 g2 268 — 2ny 26082 + 2613 ]

from unit quaternion = | 2Ea+268 -G+ - 206 — 2604

261&3 — 26062 28081 + 26285 &5 — &1 - & + &

Veir + oo +es3+ 1
-99'31(032 — 6‘23)\/011 — 92 —c33+ 1

= Unit quaternions e~
) . R.quat = SAD = 2 | sgn(cq3 — ¢31)V/c22 — €33 — c11 + 1
from rotation matrix sgn(cay — c12)\/e33 — 11 —Can F 1

| =
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Quiz

= Rotation matrix Cis

atan2 (ca1,c11)

= EulerZYX XReulerzy X = (y) = (at(m? (—031: m))

x atan2 (cs2, ¢33)

0 = cos™! (011 + ¢+ c33 — 1)
2

= Angle Axis R ——
€13 — €31

= 2sin(0)
€21 — €12

= Quaternions

Ve + oo +eaz + 1
X 1 sgn(csz — caz)y/e1n — cog —c33 + 1
Roquat = 2| sgn(c13 — e31)v/Can — €33 — 11 + 1
sgn(cap — c12)y/ea3 — 11 — coo + 1
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Quiz

1 0 0
| . A
= Rotation matrix a5 =10 1/2 /372 ]
0 V312 12 | ¢ =60 -
e
. atan2 (ca1,c11) 0 0 Yy
= EulerZYX XReulerZY X = (y) = | atan2 (_031: NE:® +C§3) = 0 = 0 - - ‘T,:
o atan2 (czz, ca3) atan2(~/3/2,1/2)) \60° = AE
e
Y
6 = cos™ (C“ Tt on - 1) =cos‘l[“llzzllz_lj:cos-l(l/z):60° B
: €T
= Angle Axis 1 (CBQ _ 623) . J312-(—/312)) (1
n= _— €13 =31 | = ———— 0-0 =10
2sm(0) \ .0 .., ) 2sin(60°) -0 .
= Quaternions Ve e + sy + 1 J1+1/2+1/2+1) (3 . = cos (g)
Xr 1 SQ”?L(CgQ — (:23)\/(111 — 99 —e33 + 1 ‘g 1 \/1—1/2—1/2+1 11 1 2
anat 2 sgn(ers —e3n)ves —cag — e 1 AB =5 YL “2| 0o - 6
sgn(cap — c12)y/ea3 — 11 — coo + 1 Vi/2-1/2-1+1 ¢ = sin <_> n
Jli2-1-1/2+1 0 2
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Unit Quaternions
Algebra

= Product of quaternions

= Given two quaternions g and p, the product is defined as
q®p =(qo+ qii + q2j + q3k)(po + p1i + p2j + p3k)
= qoPo + qoP1i~+ qob2J + qopsk
+q1pol + q1p1ii + q1p2ij + q1psik
+q,p0j + G20l + q202J] + q2p3jk

+q3pok + qsp.1ki+ qap kj + qspzkk _ _ _
= {qoPo — q91P1 — 92P2 — 43P3 Hamiltonian conventior
+(qoP1 + q1Po + 4213 — q3P2)i _ - -
+(qop2 — 1P3 + 9200 + q301)J S=Gtal o)+ §3k
+(qops + q102 — 9201 + @3Po)K 2 2y 2 e
([do —q91 —q2 —q3] /Po . i“=j"=k"=ijk=-1
_|91 49 —493 Q2 P1|_ |90 —q _ i =—ii =—iik? =
|92 43 Q0 —qu [\ P2 [6 qol + [ﬁ]x] p=Mi@p I! I _ _”k ‘
93 —4q2 41 qo ] \P3 — M) jk = —kj =
(Po —P1 —P2 —P3] /4 T
_|Pr Po P3Pz 91| _ [Po —p' — M..(p) ki = -k = ]
b2 —DP3 Po D1 qz P pol — [P« q r\p)q
P3Pz b1 Po | \43 —M,(p)
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Unit Quaternions
Rotating a vector

Robot Dynamics - Kinematics 2 | 26.09.2017 | 17



Unit Quaternions
Rotating a vector

= Proof (see Quaternion Kinematics by Joan Sola on lecture homepage)

» Decompose vector in parallel and orthogonal part to get vector rotation formula

x' = x| +x 1 cos ¢+ (u x x)sin¢

X :X||+XJ_

X|| = llllTX

X, =x—uu'x

= Show that equation above does exactly the same
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Quiz 2

= Given a vector in A frame A“[ﬂ

= Rotate this to B frame using quaternions
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Unit Quaternion
Derivation of rotation matrix

= Derivation of rotation matrix ({ = (p;): M (O = [( ol — [(] ]

* p(sr) =@ (1) B = MM ( ;) [¢"]= - L,

(- T L | )
LV K Sl + [¢], ][ =8 Gl + 8] ]\
 (2)- %+ 2’ W —al’ ~URL (o)
o) 68—~ 81,8 88+ 381+ 25[8], + 31,18, | VT
N - () 41,121,382
) 70 (B-127)1+20[3), + 238 |\

v oar = (G- R) 1+ 252, +2887)
" C(() — (ZZ(Z) — 1)1 + ZZO [Z]X + zzZT Robot Dynamics - Kinematics 2 | 26.09.2017 | 22



Unit Quaternions < Rotation matrix

Cap = lass + 260 [€], +2[€]] = (263 — 1) Taws + 20 [€], +28&"

| . .
Rotation matrix 24622 g2 268 — 2ny 26082 + 2613 ]

from unit quaternion = | 2Ea+268 -G+ - 206 — 2604

261&3 — 26062 28081 + 26285 &5 — &1 - & + &

Veir + oo +es3+ 1
-99'31(032 — 6‘23)\/011 — 92 —c33+ 1

= Unit quaternions e~
) . R.quat = SAD = 2 | sgn(cq3 — ¢31)V/c22 — €33 — c11 + 1
from rotation matrix sgn(cay — c12)\/e33 — 11 —Can F 1

| =
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Unit Quaternion
Link to angle axis

= Given the rotation matrix C(¢) = (24§ — DI + 25,[¢], + 2¢¢”

= Use this with the angle axis representation
0
= con()

N7

- (=sin(§)n

> €((0,n)) = (2 cos? (g) — 1) I + 2 cos (g) sin (Q) [n], + 2 sin? (g) nn’

2

\a
— . _ T d ues’ Formu
= cos(0) I + sin(8) [n] + (1 — cos(8))nn Rodri9
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Quiz 3: Get Rotation Matrix from Quaternion ahes \

= Rotation matrix €.« =? . /%

= Quaternion 5= & s
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Time Derivatives and Rotational Velocity

= What is the relation ® 4, < XAp

= Analog to linear velocity: Find Er(Xxr),st. awas = Er(Xr) - Xr
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Time Derivatives and Rotational Velocity
ZY X example

ef‘ 6?
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Derivative Angle Axis, Rotation Vector, Quaternions

<~ Angular Velocity

= Angle Axis

ER:a.ngﬂea-;I?‘iS — [l’l

E-!

ER ,rotationvector —

= Rotation Vector

E—l

ER,qu.at — 2H(€) ’

E;l = lH(E)T

R.quat — 2

= Quaternion

R.angleaxis — [ 1

R.,rotationvector — [

S111 QHBXS + (1 — COS 9) [H]X]

l’lT

sin 6 2
~3Toe0ws D% — 3 [ﬂ]x]

[ﬂgxg + [, (1 - COS”"OH) + [¢]

ll?

Lo — 5 [, + []% — (1

2 “ lel?

with

_ el

AW AB = ER(XR) X R

2 (II@OII —SiﬂH‘PH)]
: el

H(¢) = | ¢

sin [l
2 T—cos|el

[€]X + foﬂgxza} c R3*4

o —& 0 &
& & =&
& & &o I



Position and Orientation of a Single Body

_ 3
= Position vector: r,=r,(x)eR
« Cartesian Xpe = (v) \

P
« Cylindrical coordinates Xpz = (g) X, = (;) € SE(3)
« Spherical coordinates XPs = (f) /
= Rotation ¢, =¢.(1:) € SO(3)

Rotation matrix:

Euler Angles: XR.culerzy X = (y

T

Iy
<o

Quaternlons. XR}quat = 5 = (é)
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I\/I|n| Introductlon to Multl body Kln atlcs

151-0851-00 V

lecture: CAB G11 Tuesday 10:15 — 12:00, every week

exercise: HG E1.2 Wednesday 8:15 — 10:00, according to schedule (about every 2nd week)

Marco Hutter, Roland Siegwart, and Thomas Stastny
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Classical Serial Kinematic Linkages
Generalized robot arm

= 7; joints
= revolute (1DOF)
= prismatic (1DOF)
= n;=n; +1links
= n; moving links
= 1 fixed link

Prismatic Joint

Revolute

\
Joint S

End-Effector
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Configuration Parameters
Generalized coordinates

Generalized coordinates
A set of scalar parameters g that

| . — (r) € SE(3) describe the robot’s configuration q1
6 parameters/link b - Must be complete a—| : | erm
= (Must be independent) Un-
J

5 constraints

\

=> minimal coordinates
= |s notunique

6 parameters
» 3 positions
« 3 orientations

Degrees of Freedom

n moving links: 6n parameters = Nr of minimal coordinates

n 1DoF joints: 5n parameters
6n — 5n = n DoFs
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Forward Kinematics

= End-effector configuration as a function of generalized coordinates

XE’. — Xe (q.) ERne

= For multi-body system, use transformation matrices

4 C . |
Tze(q) = Tzo - (H Tr_1.1(qr ) - Lpe = [ gf(?) z IEl (q)
X

= Note: depending on the selected end-effector parameterization, it is not
possible to analytically write down end-effector parameters!
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Forward Kinematics
Simple example

= What is the end-effector configuration as a function
of generalized coordinates?
Tie =T Tor T Ty Toe

1 0 0 Offc, 0 s Ofc, Os, Offc, 0 s, 0|1 00 O
/010030 10030 1000 1000100
|0 01 0|-s 0 ¢ If-s, 0 c Lf-s, 0 ¢c, L|{O O 1 I
000140 0O 1)J0 0 0 1)/ 0 O O 1j0 00 1
| C123 0 S123 |131+|2312+|33123 |
I L 0
) —S123 0 Ci3 Io + I1(:1 + |2C12 + |30123
0O 0 O 1
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