Lecture «Robot Dynamlcs» Km tlcs 1

151-0851-00 V
lecture: CAB G11 Tuesday 10:15 — 12:00, every week
exercise: HG E1.2 Wednesday 8:15 — 10:00, according to schedule (about every 2nd week)

Marco Hutter, Roland Siegwart, and Thomas Stastny
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Recapitulation: Vectors, Position, and Vector Calculus

= Builds upon notation of other dynamics classes at ETH and IEEE standards

= Vector: I' (oftenalso r )

= Vector from point Bto P: I'gp

= Reference coordinate system A (calligraphic)
(ez'.ert.est)  :=orthonormal basis of R3

= Numerical representation of a vector: 4 I'sp

= Addition of vectors: IN'yp =g + 5o

= Use the same reference frame: 4/ap =4 Mag T4 Iep
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Parameterization of Vectors

DS
>

X
= Cartesian coordinates Xrc =Y
<
€T
. A A A
= Position vector Ar = re€; +ye; +ze’ = |y
A P x
1 Y
= Cylindrical coordinates xp. = [ ¢ e Y

pcost <
= Position vector AT = | psinf
Z
,

= Spherical coordinates xps = | ¢
10,

r cos 6 sin ¢
= Position vector Ar = | 7sin 0 sin ¢
T COS O
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Parameterization of Vectors
Example

aVap = 4Vas + 4Vep

1)
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(XPC
- Xp:
| Aps =

(XPC
: Lpz =
\XPS -

= Only for Cartesian coordinates it holds that Xap = Xas T Xsp

= NEVER do this for other representations (requires special algebra!!)

=> we will encounter similar problems for rotations

Robot Dynamics - Kinematics 1 | 19.09.2017 | 4



Differentiation of Representation < Linear Velocity

= The velocity of point P relative to point B, expressed in frame A is: ,I'gp

= Question: What is the relationship between the velocity r
and the time derivative of the representation X

r=r(x)

r=~E -9
or . ‘ | Epl(X) X
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Differentiation of Representation < Linear Velocity

= Cartesian coordinates: Ep. (xp.) = E5! (xp.) =1

p cos pcos — pfsin @
= Cylindrical coordinates: Ar = | psind r(Xp.) = | psind + pt cos 6

2 zZ

P xcost 4+ ysinf cos sinf 0| [z
Xp.= |0 =|—-&sind/p+gcosl/p| = |—sinbf/p cos@/p 0| |y
z z 0 0 1 z

—1

0 ing 0 B
_ ar (ng) _ |:C05 —pSll’l ]

sinff pcosf 0
0 0 1
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Rotations
AT AP,
= Position of P with respect to A expressed in A: AAP = | ATAP,
AT AP,
BT AP,
= Position of P with respect to A expressed in B: Brap = | BT AP,
BT AP,

= Write the unit vectors of B expressed in A as matrix: [Aef; Aef , 4€5 }

z

B . B . B .
= => AT AP = A€, - BIAP, T A€, " BTApP, T A€, " BrAP,

AL AP = [Aeﬁ Aef AezB] *Br AP

= C 5 - Brap.
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Rotation Matrix

The rotation matrix transforms vectors expressed in 5 to A:

Ca = [Aef Aef AezB] Au=C 3 -pu

= The matrix is orthogonal: Czq = Ct = Cly

Belongs to special orthonormal group SO(3) (and not R3)
= This causes difficulties and requires special algebra

au = C ;5 - 5u. Au=Cyz-(Cpg -cu

= Consecutive rotations:
gru = Cpx - cu. = C 4 - cu.

) Cu = Cuz-Cr
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Passive and Active Rotation

=| Passive rotation = mapping of the same vector from frame 5to A

au=C 55U

= Active rotation = rotating a vector in the same frame

AV:R-AL‘I
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Elementary Rotation

= Find the elementary rotation matrix

S.t

Au:CAB-Bu

b A
efk e
\
\ B
\ ©y
\ __..—-S'_n
- I
e
ey
A _ B
ex - eaz
an A
BE €%
ez \
\
\
\
A /4 e;jl = eg
e /
J €
ped = et
B
__e__y--v
-ﬂ——'- >
A
eA / ey
T
/ef
@

1 0 0
Cas=C.(p) =10 cosp —singp
0 sing cosyp
cosp 0 sing
Cas=C,(p) = 0 L0
—siny 0 cosp
cosp —sing 0
Cup=0C.(p)= [sing cosp 0
0 0 1
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Homogeneous Transformation
Combined Translation and Rotation

= Homogeneous transformation = translation and rotation

r'ap=7Yap +TrpBp

AYAp = AvAB + Arpp = AvAap + CaB - BrBP

Arap) _ |Cas arap| (Brpp
1 01«3 1 1

.

W

T A

—1
= Inverse T p=

BYB A
. 7 T Y
CZlB _CABA rAB:|
01«3 1
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Homogeneous Transformations
Consecutive Transformation

Fro=1T,,-
Alap AB ‘B 'BpP
. }TAC — TAB 'TBC

= This allows to transform an arbitrary vector between different reference frames
(classical example: mapping of features in camera frame to world frame)
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Homogeneous Transformation
Simple Example

= Find the position vector AT 4 p

= Find the transformation matrix
(1 0 0 O]
T 00 -1 3
1o 1 0 1
00 0 1

= Find the vector

1 0 0 0]0) (0
0 0 -1 3[|1] |2
o1 0 11| |2
00 0 1)\1) 2
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Angular Velocity

= Angular velocity 4w a5 describes the relative rotational velocity of B wrt. A
expressed in frame A

= The relative velocity of A wrt. Bis: ©;z, =—0 4

= Given the rotation matrix C 45(f) between two frames, the angular velocity is
0 —Ws Wy Wy

W 0 —w$‘| . AW AB — (wy)

—Wy Wy 0 W

= Transformation of angular velocity: B®YAB = Cpa - AwaB

[AWAB]X — CAB ' CZUS’ lawaBl, =

= Addition of relative velocities: DPWAC = DWAB T DWAC
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Angular Velocity
Simple Example

1 0 0
= Given the rotation matrix Cug(t) = |0 cos(a(t)) sin(a(t))
|0 —sin(a(t)) cos(a(t))

[awag)y = CasClz

0 0 0 1 0 0 e’
= |0 —asina «cosw 0 cosa —sinal => Awa = | 0

0 —acosay —asino 0 slhao COS v

0 0 0
=10 0
0 —a 0
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Outlook (next week)
Rotation Parameterization

Rotation matrix:
= 3x3 =9 parameters
= QOrthogonality = 6 constraints

B
Cas = A€ A€, A€

Euler Angles XR,eulerZy X = (
= 3 parameters

= singularity problem

Angle Axis XR,Angle Azis — )
= 4 parameters (angle and axis)

= unitary constraint

Quaternions XR,quat =& = (?)
= 4 parameters

= no singularity constraints

]
(s
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