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0 Machine Learning
@ What is the Machine Learning?
@ Paradigms of Machine Learning
@ International Machine Learning Groups

© Basic Concepts
@ Probability Theory

e The Challenges of Machine Learning
@ Model Selection
@ The Curse of Dimensionality

o Tow Basic Theories
@ Information Theory
@ Decision Theory

Likrain () May4,2013  2/29

BB EATRMRRR T NS KHE.



BRBEARE—T B OAEBAOSEEINEN

EABIRIERIR, ST
BUB AL A6 T I
{8 BRI AT DL
St EF AN — R IR
FOUNLEES . B—RaI
BR “¥INE" , A4
WM, RILAE, SR
i, MG, HBE
RECE, G, AR
FHRALX M,

NI RERET , —RBETRA | SIEERS¥II7,
STEINE->WE (9%, @) | REE, TS (BX)
SSERA->EHET , BUES , BSHI,

Paradigms of Machine Learning

Machine Learning Method:

We want to seek the understanding form data set {zn, yn }2_;.

Supervised Learning

Unsupervised Learning

Smei-supervised Learning

Transductive Learning

Active Learning

Reinforcement Learning

Likrain () May 4, 2013 4/29

= = it =
XEBFHETLFBEHME—T
=AHE ?
planktonli(1027753147) 19:01:30
XEHIEEERLE |, learning BIX BT



M(373242125) 19:01:36

{xna '1171}1?—1

HX(458728037) 19:01:57

FILEAR->EHNFY |, BUFES  BEFIZEADNE?
likrain(261146056) 19:02:22

RRERS ?

REUNRRIER 7 HATFFREIE

planktonli(1027753147) 19:02:50

Paradigms of Machine Learning o

e Supervised Learning
o Given D={X,Y,}, leam f():Y,=f(X,), st D““={X/.} = {YJ}

e Unsupervised Learning
o Given D={X;} learn £():Y, =f(X,), st D““'={X/} = {YJ}

e Reinforcement Learning

o Given D = {env,actions, rewards, simulator/trace/real game}

policy:e.r —»a

learn st {env.newreal game}=gq.q,.q;,...

utility:a.e > r

e Active Learning
o Given OD~G() , learn O™ ~G'(-)and f(’) st. D" =G'(-).policy. {YJ}
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Paradigms of Machine Learning
Learning Theory:

Generalization error:

Sup{g(f)_E"'\'(f)} = B(NyHa.B:Us"')
feH

@ Consistency

@ Bias vs Variance

@ Enough Sample Size
@ Learning Rate

@ Convergence

@ Stability

@ Confidence
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International Machine Learning Groups

Machine Group:

@ Berkeley

o MIT

e CMU

e CSML

@ Groups in China
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Where Machine Learning is being | &3t
used or can be useful? o

Robotic control
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HUBHERASE — NEFERE

My brother is really
good at this.

Computer Vision

Presented clip

|1 am watching.

fMIR data

Clip reconstructed
from brain activity

Decoding

Coding: 11010110....... —

Sparse Coding

siri :

U r welcome,
Siri.

Thanks apple. |
can recognize
voice.

Speech Recognition
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© Basic Concepts
@ Probability Theory
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Probability Theory

@ Probability Densities
@ Expectations, Covariances and Moments

@ The Gaussian Distribution
N (@l 0%) = —— exp{—=5 (@ — p)?}
oV2w 20?2
The Gaussian distribution defied on a D-dimensional vector z of continuous

variables, which is given by

_ 1 1 1 Ter1
N(z|p,x) = Wm_we"p{‘:‘z(z‘”) X7z - p}
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Expectation: the average value of a function f(x) under a pdf or pmf p(x).
Elf] = Zp(.\')f(.\')‘ orE[f] = /p(.\')f(.\’)d\'.

Given {x, }i.i.d. ~ p(x). the expectation can be approximated by

N
Elf] ~ = > /()

n=1

Conditional expectation w.r.t. a conditional distribution
Ei[f]y] = / p(x|y)f (x)dx,

which is a function of y.

A nice property: E[E[x|y]] = E[x].
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Variance of f(x) is defined by

var[ f] = E[(f(‘) - E[f(\)])z]

which can be rewritten as
var[f] = E[f(x)’] - E[f(x)]’
In particular, variance of a random variable
var[x] = E[x?] — E[x]?
likrain(261146056) 19:26:28
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9 The Challenges of Machine Learning
@ Model Selection
@ The Curse of Dimensionality
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A Example: Polynomial Curve Fitting

Now suppose that we generated a training set from function sin (2wz) comprising
N observations of

{(zn,tn)|@n € [0,1], £, = sin (2z,7) + random noise}’_;.

Our goal is to exploit this training set in order to make predictions of the value
tnew Of the target variable for some new z,,.,, of the input variable. For the
moment, we can suppose the target function has the polynomial form, namely,
y(z,w) = Z;Zl w;x’, where the parameter M is called order of the polynomial
function.
Normally, we can use error function that measures the misfit between the function
y(z,w), for any given value of w, and training set data points. For example: the
sum of error squares function
e
w* = arg min 5 Z{yn(sz) —tn }2'

n=1

H—2RY | APt T ERARMEEMSZ=ARERINEFESIIEIISR. BREIISIISNE
KFiL : IEMHEFIE | regularization.

Model Selection

1 f—\ A 1 1 l " A} L]
0 3 7\\\0 \a—’“—; S o
' Under Fitting & - Over Fittiny 0
o o 1 o0 s
In this example, the model selection that is how to select the order of the

polynomial function.
p— v
—— Training
—e— Teost
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Model Selection Method

@ Cross-Validation

e [ [ ] rue
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L[ P | runs
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@ Leave-One-Out(Loocv)

@ Information Criterion

ICy = —2{log(Lu(y(x, w),x)) — ¢(N)M}.
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The relationship of the Lease Squares and Maximum
Likelihood

First, we assume that, given the value of z, the corresponding value of £ has a
Gaussian distribution with a mean equal to the value y(z,w) of the polynomial
curve. We have

p(te, w, B) = N(tly(z,w), 7).
Likelihood Function:

N
p(tlx, w,8) = [ | M(taly(xa, w),87%).
n=1
Maximum Likelihood:

N
wyrr, = argmaxlnp(tlx, w, 6) = argmax{~3 3 {y(xn, W) ~ ta}?}.

n=1
Maximum Likelihood method under the assumption that error term has the

Gaussian distribution equal to minimizing the sum of squares error function.
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The relationship of the Bayesian Method and
Regularization Method

By maximum likelihood method we can obtain p(t|z, wwmw, 8mL), where
1 X
6;11L = I_V Z{y(zmwML) | tn}z'

n=1

@ Prior Distribution
a(M+1)/2 -

p(wla) = N(wla 1) = e exp{—iw'rw}

@ Posterior Distribution
P(wlx,t, o, 8) o p(t|w,x, B)p(w|a).
@ Maximum posterior is equivalent to regularization method.
A

. B o
wyp = argmin o g{y(zn,w) —ta )2+ —2-wTw
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#B2 objective function
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HERURME
The Curse of Dimensionality

@ How to select the current model? There are many models can be selected.
For example:zy, z2, 23, 43,

A E

@ In hight dimension vector space, we can see anything that is not clear.
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o Tow Basic Theories
@ |nformation Theory
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How to express the information of a event?
The measure of the information is related to the probability of the event.
If two events z,y are unrelated, then they satisfies

h(z,y) = h(z) + h(y).

So, the measure of the information is defined by h(z) = — log, p(z) (binary digits
= bit)

Likrain () May 4, 2013 16 / 29
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XEALZENERIE , jun zhu , JLABEBAIRA.

Entropy

@ Entropy for discrete random variable

H(z) =~ _p()lnp(a).
@ Entropy for continued random variable

H@) = [ pa)np(a)dz.

Likrain () May 4,2013 17 /29

Maximum Entropy

@ Maximum Entropy for discrete random variable corresponded to z is form
the homogeneous distribution.

@ Maximum Entropy for continued random variable corresponded to z is form
the Gaussian distribution.

Likrain () May 4,2013 18 /29

MTHERIE~ ~XMUABAKRT |, HABHIANEZARSIEEET . . . .

How to use the KL divergence.

How to use the KL divergence.
@ Minimizing the KL divergence is equivalent to maximizing the likelihood
function. o
KL(pllg) = > _{~Ing(za|6) + Inp(zn)}

n=1

@ Mutual information

1e.9) = KL6(@ ) p(@pw) = - [ [ oz, (528 ydzay

Likrain () May 4,2013 21 /29



KL Divergence

Consider some unknown distribution p(z), and suppose that we have modelled
this using an approximating distribution g(z). As this viewpoint we must give a
measure of the dissimilarity of the two distribution p(z) and g(z).

@ relative entropy or KL divergence

KLl = - [ @) m{;’%}dz.

@ The property of the KL divergence

KL(pl||q) # KL(q||p)

KL(p|lg) 20

Licain () May 4,2013 20/ 29
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"5 Probability Distributions

EHA R LRIEK
( $FB#IS: @Nietzsche_SHMENBEYS )

MZ8_ERYBR(813394698) 9:11:56

FHAR , SeABRS T , Sttt PRML 5% Probability Distributions, SXHIRSLLRE , KEIHE
EZ0]F , KUURIE  ARFTEES , LTFHAR T SEEH,

BN , PRML Z5_E Probability Distributions NEERES AEFSH. IR -beta HiEH
. ZIANH -HFRELESH . SHHH . MERRMNHENRAOXBIECR | 18805%.
FSERERIMASZFIS T :

Bern(z|p) = p*(1 — p)*~* (2.2)

vhich is known as the Bernoulli distribution. It is easily verified that this distribution
s normalized and that it has mean and variance given by

Elz] = p (2.3)
var[r] = p(l— p). (24)

BRI FREMED , [EREAEIE,
BECIH D :
written

N .
Bin(m|N, p) = ( )/l"’(l — p)N-m
m

N_ N
m/) ~ (N —m)!m!

o N ORE mRZIEESRERIHRE , FrLMESFS RIS AN,

ERFHEF AT | AR (BEERIHESE) | WEEERTHI—EER RIS AN BRORFA |
XERETIER. %818 —In o , IESHHhHANA] , —H S MEARMRHIEERS.

AR oA A REZ S | taliBiaEE

where

3 ' n x = | ot _Ai A

}L’l‘. 1) pr(l—p.) o

ISR S HRMRIR D | XMEITAREHESIT. BT o e EHIES D7,

M RR R A — IR oM =N | BRAR T —BESE.

RO ARAUATAOTSHSENIE | MAMEEEAERSHEE— TR SH |, BtHEs
FENHEGEPRER , IEE DAY S 7 beta 576

I'(a+b)
T(a)T ()"

where I'(x) is the gamma function defined by (1.141), and the coefficient in (2.13)
ensures that the beta distribution is normalized, so that

Beta(pla,b) = e ) (2.13)

1
/ Beta(p|a,b)dp = 1. (2.14)
<0

The mean and variance of the beta distribution are given by

a
E = 2.15
['“] a+b ( )

ab

T T 2.16
(a+b)2(a+b+1) (2:10)

varjp] =



ZE8 TEN"IRoHIFl AEEL beta S _ o HENAREEERRIAZ XM beta
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Figure 2.2 Plots of the beta distribution Beta(yula,b) given by (2.13) as a function of i for various values of the
hyperparameters a and b.
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Figure 2.3 lllustration of one step of sequential Bayesian inference. The prior is given by a beta distribution

with parameters a = 2, b = 2, and the likelihood function, given by (2.9) with N = m = 1, corresponds to a
single observation of = = 1, so that the posterior is given by a beta distribution with parameters a« = 3, b = 2.
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We see that this sequential approach to learning arises naturally when we adopt
a Bayesian viewpoint. It is independent of the choice of prior and of the likelihood
function and depends only on the assumption of i.i.d. data. Sequential methods make
use of observations one at a time, or in small batches, and then discard them before
the next observations are used. They can be used, for example, in real-time learning
scenarios where a steady stream of data is arriving, and predictions must be made
before all of the data is seen. Because they do not require the whole data set to be
stored or loaded into memory, sequential methods are also useful for large data sets.
Maximum likelihood methods can also be cast into a sequential framework.
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Flgure 3.7 lllustration of sequential Bayesian learning for a simple near model of the form y(r. w) =
uyp + wyz. A detalled description of this figure is given In the text.

EREEZWIOM | CIEMRA 7R T

We can consider the joint distribution of the quantities ;... .. m g, conditioned
on the parameters g and on the total number N of observations. From (2.29) this
takes the form

Mult(m;, ma,..., mg|p,N) = H T (2.34)
myms ... Mg
which is known as the multinomial distribution. The normalization coefficient is the
number of ways of partitioning N objects into K groups of size m,,. .., my and is
given by
N N!
=—F7 (2.35)
myms ... MK mylma! . omg!
Note that the variables . are subject to the constraint
¥
Z my. = N. (2.36)
k=1

EFERHIES TIKFISEE D SRR R SR IFERATAZL.
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The normalized form for this distribution is by

. r((\n) nk—
Dir(pla) = r((”) F((l,\) H; (2.38)

which is called the Dirichlet distribution. Here I'(r) is the gamma function defined

by (1.141) while
K
ap = an. (2.39)
k=1

B
Multiplying the prior (2.38) by the likelihood function (2.34), we obtain the
posterior distribution for the parameters { . } in the form
-
p(uD. @) x p(Dlp)p(pla) x [ ™" (2.40)
k=1
We see that the posterior distribution again takes the form of a Dirichlet distribution,
confirming that the Dirichlet is indeed a conjugate prior for the multinomial. This
allows us to determine the normalization coefficient by comparison with (2.38) so
that

Dir(p|ee + m)

p(plD, o)
K

P r(“(l 2E \ H (lk+'llk 1 (2.41)

F(a; +my)---Tag +mg) o

=1

REEKPRREEENCHL.
TEHHSHS T  ARESHDHAITE

1 1
. ) s i » — )2
N(z|p, o) = 2na?) 2 (.\p{ 20,_,(.1' ) }

ZEHS R

multivariate Gaussian distribution takes the form
. 1 1 1 .
N(x|p, = = @noe |2|1,,‘\P{ F(x—p)'S (x—#)}

SHOMEERARNIMER | ETHS  REMEIGIFETE. —TeiiohR ML , KEBoE8
SEhEERNE , BAMIARRERRERR , XTI LUBRILERAFIRIRNA |, REEEY 3 MiE
ERERMAFERT -

The standard deviation is a simple but valuable measure of how far values of =
are likely to depart from the mean. Its very name suggests that it is the standard
or typical amount one should expect a randomly drawn value for = to deviate or
differ from p. Chebyshev’s inequality (or Bienaymé-Chebyshev inequality) provides a
mathematical relation between the standard deviation and |z — pl:

Pr{|z — p| > no} < % (45)
nZ

This inequality is not a tight bound (and it is useless for n < 1); a more practical rule
of thumb, which strictly speaking is true only for the normal distribution, is that 68%
of the values will lie within one, 95% within two, and 99.7% within three standard
deviations of the mean (Fig. A.1). Nevertheless, Chebyshev's inequality shows the
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Now consider N random variables with pdf’s (not necessarily Gaussian) p(x;), each with mean
i and variance 0. We assume each variable is independent and identically distributed
or iid for short. Let Sy = Zl\zl X; be the sum of the rv’s. This is a simple but widely
used transformation of rv's. One can show that, as N increases, the distribution of this sum
approaches

p(Sy =s8) = l—) exp (—M) (2.96)
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Figure 2.6 Histogram plots of the mean of .V uniformly distributed numbers for various values of N. We
observe that as N increases, the distribution tends towards a Gaussian.
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At
A TNEKERRAET :

The red curve shows the ellip- 2
tical surface of constant proba-
bility density for a Gaussian in
a two-dimensional space x =
(x1.x2) on which the density
is exp(=1/2) of its value at
x = p. The major axes of
the ellipse are defined by the
eigenvectors u; of the covari-
ance matrix, with correspond-
ing eigenvalues A..

BRERFUSHS IS EES T , XR Moo mAEN  BEthEsihn .
FH D HRESHRERE | ARICHEXNEL
From these we obtain the following expressions for the mean and covariance of the
conditional distribution p(x,|xs)

Bap = Mo+ Eubz:;(,l(xb — 1) (2.81)

Eulb = Y..—- EubE,;,' Pba- (2.82)
TEREEESHSHRRERSZE | LUSH Gaussian Processes TERETRNIS S AZEISE.
B EREMEERE p(y|XIER x RIZLMERE , thEhES x Mz, haZRERT.
ETREXTEISMNNNERGE  SECKINERM | SClAsihnf I9EEAZERKA Gamma
S ; BBAKLER Gaussian-Gamma distribution, XA EABESIY , ARBRNBEEEMTT :

2. Conjugate prior: lead to posterior distribution having the same functional form as the prior

Distribution Conjugate Prior

Bernoulli Beta distribution

Multinomial Dirichlet distribution
Gaussian , Given variance, mean unknown Gaussian distribution
Gaussian, Given mean, variance unknown Gamma distribution
Gaussian, both mean and variance unknown Gaussian-Gamma distribution




T EE Student t-distribution , Student %% , L AEEIRFITE FEIEE nb FIAYD.

Figure 2.15 Plot of Student’s t-distribution (2.159) , <
for p = 0 and A = 1 for various values
of v. The limit v — oc corresponds
to a Gaussian distribution with mean 04
e and precision A.

03

plz|p.a,b) = / N(z|p, 77 !)Gam(7|a. b) dT (2.158)
Jo

% pael=br)ra=1 , o \1/2 T A
./u. —F(a) (;) GX[){—E(J'—}I) } dr

ba 1\ 2 G )t —a—1/2 [
= m (E) [b+ T] I(a+1/2)

where we have made the change of variable z = 7[b + (x — )?/2]. By convention
we define new parameters given by v = 2a and A = a/b, in terms of which the
distribution p(z|p, a. b) takes the form

St(z]p; A, v) = W (%)w [1 + *(rl—j")z]_v/z_w (2.159)
FEE t 55 | EREIAMNEIISE (SIRFIHESE) | ARELENRSF | t SHESIE
TR MIE—H  HEFRNSHOHRATIN SHOHETHNS BHESERS t 976X outliers
TFHeHEEERRES.
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(a)

Figure 2.16 |lllustration of the robustness of Student’s t-distribution compared to a Gaussian. (a) Histogram
distribution of 30 data points drawn from a Gaussian distribution, together with the maximum likelihood fit ob-
tained from a t-distribution (red curve) and a Gaussian (green curve, largely hidden by the red curve). Because
the t-distribution contains the Gaussian as a special case it gives almost the same solution as the Gaussian.
(b) The same data set but with three additional outlying data points showing how the Gaussian (green curve) is
strongly distorted by the outliers, whereas the t-distribution (red curve) is relatively unaffected.
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Figure 2.21 Plots of the ‘old faith-
ful' data in which the blue curves
show contours of constant proba-
bility density. On the left is a
single Gaussian distribution which 80
has been fitted to the data us-
ing maximum likelihood. Note that
this distribution fails to capture the
two clumps in the data and indeed
places much of its probability mass
in the central region between the
clumps where the data are relatively 40
sparse. On the right the distribution 1
is given by a linear combination of

two Gaussians which has been fitted

to the data by maximum likelihood

using techniques discussed Chap-

ter 9, and which gives a better rep-
resentation of the data.
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BRRAERT

e 2.22 Example of a Gaussian mixture distribution p(r)
in one dimension showing three Gaussians
(each scaled by a coefficient) in blue and
their sum in red.
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wix) = plklx)

p(k)p(x|k)

2 p(Dp(x|l)

TN (x| g, Eie)

o TN (x|, )
XAERANRAMURBEIRRE :

K
In p(Xjm, p, X) = ZIH{Z TN (%5 |12, Ek)}

n=1 k=1
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The exponential fami]y of distributions over x, given purur;lctcrs 1].‘is defined to

se the set of distributions of the form

p(x|n) = h(x)g(n) exp {n" u(x)} (2.194)

HbnZ224, g)RF—HEF , ux)2 x AIREL



N N
P(xlT]) = (H h(x")) g(rI)N exp {"1 Z u(xﬂ)} %
;Eé&ﬁ%E'\J{LI%@%& N =l n=1

N
—Ving(ny)= -{- Z u(x,)
X Inp(X[N)XTF n K& , SEHFT 0, LEZISEKLAREIF e

N
Z u(x,)

REA, » BRDFIUE. ROFHERLRIFER  SRHBI"IA SRR | fEHHIIR

HEICEEREHMEIRERAT | FRAEIRAAIUERT .
DUDA BISEIAER , XEMMET LEIIE , KRB TRTAEEE :

Table 3.1: Common Exponential Distributions and their Sufficient Statistics.
Name Distribution Domain

s [9(s.0)]'7™"
D
o
p(z|0) = n 2o Tk _ P ;
Normal .‘IF—(I/'.’)&"‘(x—ﬂx)’ 0y >0 k=1 < v"&_m'5”1"1'-"’"1*'”3
V2= e Ly a}
k=1
. 1y
:":.‘rllhi; PNz p(xl6) = '62 itiv v, L—L; - [©]1/2e=3{t1O:s
S 19:21'2  _(1/2)(x—01) Oa(x—01) POSILLVE n 20" O.4,+0'O.0
Normal @n)7E € R ) definite ~ % Y XXk Sebilias
- k=1
< : plz|#) = 1+ —0s
Exponential fe=tz 23>0 >0 . - Agl Tk e
0 otherwise
iy p(x|f) = 1gs 2 —0s
Rayleigh et 7 >0 #>0 . : é:l x} fe
0 otherwise
p(z|0) = e §
o A ; 1 -3 3/2,_—0s
Maxwell 7;0,/_1_ 260 3> >0 . = Agllk /%
0 otherwise
P(zl6) = TP i
: 141 0y > —1 A (n“> ot et
Gamma rt:—amjfﬂl(_a'-’x r=>0 0; - i k1=l" ms';‘r 252
0 otherwise n AZ[ Tk
i p(z]|8) = = ( ﬁ"r;)wn
8.

Beta T.,,':ﬁmf a=g)™ 6, >—1 e k=1 L(6,+6,4+2) _ 6, 6
0<zr<l by > —1 n in | | TEFITEFT) 52
otherwise (kl;ll(l =k ))

-~ n
Poisson P(z|0) = ";rf-"j z=0,1,2,.. g>0 Bk} % 3z e
T ° . % k=1
n
Bernoulli P(z|#) =6*(1—6)'"* z=0,1 D<b<1 e ~,L L 9*(1—6)'—
k=1
P(z]f) = . n
Binomial ;r(,,,—_,)-f»"(l - )'"_‘ N<f<1 ° " s 1y o*(1—-0)™*
.« ° k=1
z=0,1,.., - o
P(x|0) =
o
. z;=0.1,....m 0<l; <1 d
m! [T 67 n
N : i 1% d d 1 \ i
Tultinomial b St Y h=1 5 kgl Xk iI;Il ;
I = i=1 i=1

) = v ¥ o3 T
ROV p(nlx,v) = f(x.v)g(n)” exp {vrn'x}

N
p(nlX. x.v) x g(n)"*N exp {ri" (Z u(x,) + UX) } '

n=1

BRI



%=% Linear Models for Regression
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KREF , FeRELEASFH PRML RIS 3 it linear regression RS |, IBEARSSIgH , BEE1LFA]
BNEHANBTEC , i FBiREE , H2 applied mathematics + computer science 9 , B
AFKAILIEEEY | BB, AREXEETLIEERVIES: http://t.qq.com/keepuphero/mine ,
SRBEATHEFE—MFIARRY |, tXSHENARERRE OEH. AR http://www.zhizhihu.com/
X3 machine learning BURFEERZIAN T #E.

¥ TESAERZ , FHlSE 3T | 5 3 BRIRFRE linear regression , BcH &5 ISAYE: AHATEH
55 introduction, probability distributions ZfSgtEi# linear regression? machine learning B9
essence 2ftA4?

NBEFINAREE: TNAER REBIHEEFIRNNREETRL , FIA BEM\FR FE5
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Polynomial Curve Fitting

0

E(w) = % S ylanw) — to)
n=1
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0% Order Polynomial

0 1

0 1.




9th Order Polynomial

0 1

Over-fitting

—©— Training
—©— Test

0 3 M 6 9

Root-Mean-Square (RMS) Error: Erys = /2E(w*)/N

BN, BRAIATRERMHANXERT 2 JBEEN UHRIRENIRINIERE |, 2998 /R L1,L
9:9'3 FEFT ,R2E objective REET. MAERIEEAZ: HHAER Polynomial Fitting?BEIKIEA |
BEHE BRI |, SRR | EF—MERNFIF . KFEEBICS talyor EUE :

F(x) = f(xo)+f )

(x—x)++1-2

2 3
X0 EE— EEEILERR x MRS , ate ma— s m (56X X ) g

FRROEREN=SIE) , AR EBRNERNEFIR AR TE , TSANE FHa Hilbert Z=i8) , HSC HEMENE t
EXHEN—IMMIF , BEACEBEAT ERRETLLE Polynomial Fitting , BBATEMET AR
#9 Polynomial 283589,
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planktonli(1027753147) 19:31:51

BAFASHEIRAFADXMNERE BREBR TXNEE J00,i&E e RAIEMFIT™  HL wavelet
XL B4 kernel construcion IXESIRFEERZEHE] SEEA.

Bishop F_EEIX/MIFi%Bs :

1) aTLAF3 Polynomial Fitting %0 sin ZXM9REL  2) IR

MEIXERY Polynomial Fitting 2—M&ME model , XE Model 2 w BIFRELw BLH4RY

M

y(x,w) = wo + wunx + wex® + ... + wyz¥ = w,z?

Y\, = Wo + W w24 cee T WMITTT = '
Jj=0

SIN27X) Mg | SRR, B4 ERITERST HEMiam

SIN(27X) g X 21 41y

M

y(x,w) = wo + wunx + wex® + ... + wyz¥ = w,z?

Y\, = Wo + W w24 cee T WMITTT = '
Jj=0

FER X TR T

VW) =X gpasmmmas wusET | R4 model BT EAIRSIATNEED, X

BR9BAE, FTLARERERE NN,SVM IXLERFRER | W2 &i4RY model WIRN S SANE, ATLARIAIEL:
MR, SEHAEMBRHTESEISHKRIERNN—ET1THEE model FHA | IXFEIA Bishop
FERSEEREERIA Linear regression FRE HRXM model 'EAKSIE 28 ZRY linear model,
EEZER linear model —BEFHEAK , BP BET perceptron Y model , SVM &TE T BP model
IIE deep learning XEEE SVM A9 shallow model , 8iFiXH;2 machine learning iX8ERTHAIEN A,

LB BERESE linear regression IR | XBMIFEFREY BN , BHE3IANERE
& Linear regression FHEBIRTLAZRIAIEMNGRIA 7 , R AERERTEERIELMHRY

Linear Regression

The basic form of linear regression
V(X, W) = wg +wixy +---+ wpxp

where x = (xq, - - - ..\‘1))T is the input variable, and w = (wq,--- | H‘D)T is the
parameters.

More general form of linear regression

M—1

(X, w) = wo + Z wid;(x)
j=1

where ¢;(x)’s are known as basis functions.
Parameter wy is called a bias parameter. By adding ¢o(x) = 1, we have

M—1

y(x,w) = Z widi(x) = w! p(x)

Jj=0



BRI XEEREERRARLERT

Polynomial functions
Pj(x) =¥

Gaussian functions

(x — N_j)T(-‘ — 1)

¢(x) = exp  —
- A

#i(x) = o (br\%“’)

where o(a) is the logistic sigmoid function

Sigmoid basis functions

1

SR = 1 +exp {—a}

Other basis functions: wavelets

Basis functions

7777777
onst/ [ [ ]
0.5
AN 025t/
\ ) Nk / /
/ N y
¥ " SOBBAN /
-1 0 1 -1 0 1 -1 0 1
Polynomial Gaussian Sigmoid

Probabilistic Formulation

Assume the target variable 7 is given by a deterministic function y(x, w) with additive
Gaussian noise

r=y(x,w)+e
where € is a zero mean Gaussian random variable with precision (inverse variance) (3.
Therefore

p(tlx,w, B) = N (t|y(x,w), 37"

Conditional mean

E[tx] = /r/r(rlx)dr =y(x,w) + E[e] = y(x,w)



£ Gaussian EYEER T, Linear model M3TiERE X HA&HI MLE #i2 Least square :

Maximum Likelihood Estimator

Consider a data set of inputs X = {xy,--- ,Xy} with corresponding target values
tx)". The likelihood function (a function of w and /3) is

X,w,B) = [[N (W ¢(x), 7")

g

p(t

Log likelihood

N
logp(tlw,3) = Z log N (w7 &(x,), B71)

n=1

N N
= 5 log 8 — = log2m — SEp(W)

where the sum-of-square error function is

N
S

n=1

B\ 2 SRERRRURT SOE R SR E

Maximum Likelihood Estimator: w

With S fixed, we obtain the gradient of the log likelihood

N
\Y% lOg[)(t'“'. B) = Z (fn e “'Té(xn))(:’(xn)T

n=1

Setting the gradient to be zero gives

N il
“'T (Z (:)(X")C’S(X,I)T) = Z ’"d)(x”)T

n=1 n=1
we'e=t'®
T dw = Bt

WML = (‘ET(I’)_I ‘I’Tt

where the N x M design matrix ® is ® = [p(x;) --- ¢(xn)]". The quantity

& = (®7®)~'®7 is called pseudo-inverse of the matrix ®.

Gaussian 3 precision tBaEJ A& HSE

Maximum Likelihood Estimator: 3

Recall log likelihood

N N
logp(tlw,3) = 17 log B — = log2m — BEp(W)
Setting the partial derivative w.r.t. 3 to zero
17} N 1
23 logp(tlw,3) = 25 Ep(w)
We obtain
N

Bm = 1
PML = 6~ Bwp)T (t — Bwa)
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Geometrical Interpretation of Least Squares

The least-squares regression func-
tion is obtained by finding the
orthogonal projection of the data
vector t onto the subspace span-
ned by the basis functions ¢;(x) in
which each basis function is view-
ed as a vector ¢; of length| N with
elements ¢;(x,).

SERE NS SE I, IAER SZIRIER/N 2 5

Regularized Least Squares

The over-fitting issue can be addressed through adding a regularization term

Ep (“‘) + )\Ew(“‘)

where A is the regularization coefficient. For example

1
Ew(w) = ;\\‘Tw

and the error function becomes

(t—dw) (t — dw) + éwrw

1| —

which leads to solution

w=\+&"®)'d't
TFNESETT model L5ERAISZ

Effects of \

| p
‘1 | :: £’¢/\‘¢,\ '1 e/p/c ’x 0 ° 0
\/
0 S A ,fﬂ\ Moo N Pl o F—ae— °
\"'\. @ (; ‘ B oﬂ(// ° o
1 LV | -1 « 3 Q
| i
0 1 0 1 0 1

log\ = - log\=-18 logA=0
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Other Regularizers

A/

q=0.5 qg=1

q=2

qg=4

When ¢ = 1, the regularizer is called lasso in statistics as sparse models are preferred.

ENAERR, e HMWBS model, F40 lasso, ridge regression, LASSO HIfEEHERA |
WN:sparse coding,Compressed sensing 2M LO--> Llsparse RIE)ER , BEHREHRD,

Regularized Least Squares and

MAP

What if (ATA) is not invertible ?

Buap = argmax log p({(X;, Y) }j=118,0°)
F L J

1) Gaussian Prior
8 ~ N(0,72T)

n

Y
log likelihood

p(8) x o—BTB/2r?

Buap = arg min 3 (¥; - Xi8)% + A8II13

=1
Closed form: HW

constant(o?

+log p(B)
\_Y_I

log prior

Ridge Regression

T2

Regularized Least Squares and

MAP

What if (AT A) is not invertible ?

Buap = arg max log p({(X;, Yi)} i1/, 0%)+og p(8)
/ { || )
T

1) Laplace Prior

Bi & Laplace(0,t)

n
Buap = arg mgn Y (Y-
i=1

Closed form: HW

Y
log likelihood log

p(B;) ox eI/t

Xi8)2 + N8l

constant(o?. 1)

prior

Lasso

1
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Ridge Regression vs Lasso

min(AS — Y)T(AB - Y) + Apen(B)= mﬁin J(B) + Apen(B)

Ridge Regression: Lasso:
pen(3) = |8]I3 pen(8) = |81

Bs with constant J(8)
(level sets of J(B))

Bs with B2 Bs with
constant constant
12 norm h 11 norm

Lasso (I1 penalty) results in sparse solutions — vector with more zero coordinates
Good for high-dimensional problems — don’t have to store all coordinates! —

FEE Bias-Variance Decoposition , IENIFHRTE JIISEIRAMER_EAN—NMESHIR , shrink EER9S %,
ireRERIAT , xE (V) mxissnesszmen by (W) asgamssmoEmes

Expected Squared Loss

Recall that 7 is the value for each input x and y(x) is our estimate. We incur a loss
L(t,y(x)), and the expected loss is

E[L] = // L(t,y(x))p(x, r)dxdr.

A common choice of loss function is the squared loss L(z, y(x)) = {y(x) — ¢}, and
the expected squared loss is

E[L] = ./'/{,\'(X) — 1}?p(x, r)dxdr

Our goal is to choose y(x) to minimize E[L]. From Euler-Lagrange

OE[L]
Sy(x)

/rp(x. t)dr

y(x)=4+———— = / tp(t|x)dr = E,[7|x]

p(x)

2 /{»\'(x) —1}p(x,1)dr =0

So



Regression Function

The function y(x) = E[t|x] is known as the regression function.

t
y(x)
o z
Decomposition of the Loss Function

Define
h(x) =E[t|x] = /tp(r]x)dt

Since the optimal solution is the conditional expectation, we can expand the square
term

{(x) = 1} = {y(x) — E[t]x] + E[r}x] - 1}*
= {y(x) — h(x)}* + 2{v(x) — h(x)}{h(x) — 1} + {h(x) — 1}?

Therefore
E[L] = //{_\'(x) — 1}2p(x, 1)dxdr
= /{_\'(x) - /l(,\')}zp(x)dx + /{/1(.\') - r}zp(x.t)dxdr

When y(x) = h(x), the first term will vanish. The second term is the variance of the
distribution of r averaged over x, representing the intrinsic variability of the target data
and can be regarded as noise and the irreducible minimum value of the loss function.

Decomposition of the Loss Function

In practice, /i(x) is unknown. We have a data set D containing only a finite number N
of data points. The loss function becomes

{y(x;D) — /1(x)}2
We can rewrite it as
{(x;D) — h(x)}* = {y(x; D) — Ep (x;D)] + Epy(x;D)] — /1(3()}z

= {v(x; D) — Ep[y(x; D)]}* + {Ep[y(x; D)] — h(x)}*
+2{y(x; D) — Ep[yv(x; D)|HEp[v(x; D)] — h(x)}

Take the expectation w.r.t. D

Ep[{y(x; D) — h(x)}’]
= {Epp(x; D)] — h(x)}* + Ep [{¥(x; D) — Ep[y(x; D)]}*]

bias? variance

FEXAZ PPT TR , FIRAWREAESCAMRERIHAEH 2 S35 HA




1--> Bias 2--> Variance, Bias ZrAIEFIFIRPREFIELRBIRREFRE Variance FI2FIE!
HERIEECHE R REEE. WXELIERENTERS Bias #1 Variance :

Bias-Variance as a Function of Complexity

0 ;1 0 1 0 2 1
x I E

Wilbur_sh1#(1954123) 20:33:07

XANEXKRE , a0

planktonli(1027753147) 20:33:25

Variance /NI9IE5 T, Bias gk , Variance KAYE)R T, Bias #i/)\ , FAT54E tradeoff ©4i1,
MIXEKERTLAEZ) Bias #1 Variance fIXEK :

Bias-Variance as a Function of Complexity

0.15
(bias)z
0.12} == variance
(bias)z + variance
0.09 test error
0.06 |
0.03
0 1
—3 =2 — 0 1 2

In A

X4 Bias-Variance Decoposition HIEGEBAKRISLRANE , EREGE—MESIER.
E&ZE Bayesian Linear Regression :



Conjugate Prior

Recall the likelihood function

N

H Nt \“'TQ""(XHL p! )

n=1

= N(t|®w, 371

p(t|X,w, 3)

is the exponential of a quadratic function of w. So the conjugate prior is given by a
Gaussian distribution of the form

p(w) =N (w|myg, Sp)

Bayesian Theorem for Gaussian

Theorem (Bayesian Theorem for Linear Gaussian)

Given prior and likelihood
p(x) = N(xlu, A™)

p(yix) = N (y/Ax + b, L")
the marginal p(y) and posterior p(x|y) are

p(y) =N (yAp+b,AATTAT £ L7
p(xly) = N (x[Z[ATL(y - b) + Au], %)

where ¥ =(A+ATLA)L

Posterior

Apply the theorem and we obtain the posterior
p(wlt) = N(wjmy, Sy)
where
—1 a3HT
my = Sy(Sy 'my + Pt)
Sy' =S, +pd’®
The prior can be a zero-mean isotropic Gaussian governed by a single precision
parameter o
p(wla) = N(w[0,a7'T)
and the corresponding posterior distribution is
— AS. T
my = Sy Pt
Sy =ol+ 53" ®



Bayesian MAP vs. Regularization

The log posterior takes the following form

f ; "
(t—dw)" (t — Pw) — %WTW + const

log p(wlt) = —%

The regularized least square takes the form

1 A
S(t — dw) (t — dw) + ;\\‘Tw

Therefore, A = 3
M Bayesian tH&, KFRIAESEHAREN MESHIE FHTUURNE , BIFRSERTLIYEER] linear model
FIRZRERIEEA R |, LSRRI gaussian process iXLLZRF,
Wilbur_sh1#(1954123) 20:51:25
XEETLUHA—RA |, AHTEEZERE ?
planktonli(1027753147) 20:54:44

Bayesian Linear Regression (2)

A common choice for the prior is
p(w) = N(w|0,a 1)

for which
my = ASy®'t
Syt = al+p2"®.

Equivalent Kernel (1)

The predictive mean can be written

y(x,my) = mip(x)=Be(x)TSyd Tt

N
= ) B(x)"Snd(xn)tn
n=1" T y
N f * 1 \\\\~\
= Z k(x, X )t Equivalent kernel or
=l smoother matrix.

This is a weighted sum of the training data
target values, ¢,,.

XEFMALERTH , E2T4 , Wilbur?

Wilbur_mh1#(1954123) 20:57:24

Wlp

S

planktonli(1027753147) 20:58:08

WRHIEIERE 0 IEBR T linear model FEaTLAZERY kernel 7



Equivalent Kernel (4)

The kernel as a covariance function: consider

covly(x),y(x')] = cov[p(x)"w, w(x')]
= ¢(x)"Sno(x) = 7 k(x,x).

We can avoid the use of basis functions and
define the kernel function directly, leading
to Gaussian Processes (Chapter 6).

Equivalent Kernel (5)

N

> kEx) =1

n=1
for all values of x; however, the equivalent kernel
may be negative for some values of x.

Like all kernel functions, the equivalent kernel can be
expressed as an inner product:

k(x,2) = 1(x) "4 (2)
where ¥(x) = /28 ¢ (x).
S5 T bayesain model bt
Bayesian Model Comparison (1)

How do we choose the ‘right’ model?
Assume we want to compare models M;, i=1, ...,L,
using data D; this requires computing

p(M;|D) o p(M;)p(D|M;).

Posterior Prior Model evidence or
marginal likelihood

Bayes Factor: ratio of evidence for two models
p(D|M;)
p(DIM;)



Bayesian Model Comparison (2)

Having computed p(M;|D), we can compute
the predictive (mixture) distribution
L
p(t}x, D) =Y p(tx, Mi, D)p(M;|D).
i=1
A simpler approximation, known as model

selection, is to use the model with the
highest evidence.

Bayesian Model Comparison (3)

For a model with parameters w, we get the
model evidence by marginalizing over w

p(DIM;) = /p(D]w,Mi)p(wM/l,;)dw.
T i
Note that

p(Dlw, Mi)p(w| M)

p(w] ) (DM

BERREAEAERY model SRAEMISEAIE | TREFSESUIIE , (EEEM -
The Evidence Approximation (1)

The fully Bayesian predictive distribution is given by
p(tt) = ///1)(t|w,[3)p(w|t,(},;,’)’)p(a’, gt) dw dadp
but this integral is intractable. Approximate with

p(tlt) ~p (t|t, a,B) = /p (t\w. 5) P (w|t,&, B) dw

where(a, ?) is the mode of p(a, 3t), which is assumed to
be sharply peaked; a.k.a. empirical Bayes, type Il or gene-

ralized maximum likelihood, or evidence approximation.



The Evidence Approximation (2)

From Bayes’ theorem we have
pla, BJt) o< p(tle, B)p(a, )
and if we assume p(a,3) to be flat we see that
pla, Blt) o p(tla, B)
= [ stthw.Bptevia) dw.

General results for Gaussian integrals give

M N 1 N
Inp(tla, 3) = - lna+—-In B — E(my)+ 5In [Sn|— > In(27).

Limitations of Fixed Basis Functions

* M basis function along each dimension of a
D-dimensional input space requires )P
basis functions: the curse of dimensionality.

* In later chapters, we shall see how we can
get away with fewer basis functions, by
choosing these using the training data.

EIEEFERRIE NN,SVM #5ER , NN,SVM 2 E |, BP 2HE T error,[EER , RBF 288
SHE , SVM B 2 /RO SHE, F7 MARXEE , SEREHNAY, SE RIS |, BAFR—
EEITIOTONIT | 58T,

============es AT . .
Wilbur_r1#(1954123) 21:08:29

RBF AREERAERREHMIA , SVM BREEENE , XBEIHERTATR?
planktonli(1027753147) 21:09:01

SVM ESHABLE REAH 0 AUEOEL | RBF FiAYRE RBF #42/4% , A~ RBF EREy , iy
Wilbur_r{#(1954123) 21:11:07

R, ERIIEX—F , WNSTHIE |, BAlLIURESHEEA 0 B9 x K IE , SVM AR ERE TH
—fiix , NS TEiEE Sz, 18, BAIER5 RBF W4,

planktonli(1027753147) 21:11:40
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3.6. Limitations of Fixed Basis Functions
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ZBME= Linear Models for Classification

Fig A planktonli
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1) Fisher JEMIEIS 2 AR EFER/N "SR EAIR R (Fisher SRR/ 3Rm KAWHH))
2) HEERAE PEEIA 3 AR
3) MRERFBINREIRT > SRR
4) £ INMHEREERA Laplace i
REIEIR BRI
1) = MHr
2) Z3GMIHr
3) MAP IMHHR
FAIARFRAFATZ MAP IUItER
MAP(poor man’ s Bayesian) : Ak marginalization (XE—FMZEHEHIERE AW point estimate,
XEHTI MAP(poor man’ s Bayesian)2BT mifEitey. MmeNHETTLABIERT test HFARRTE S
EAHIINAELS , PRML 5AY Bayesian EEIARZHE Empirical Bayesian :
Fully Bayesian: ;% marginalize with respect to hyper-parameters as well as parameters. [f]iX
{1t / analytical mtractable ff].
X T curve fitting {#-F( p(w | ) = N(w 0,71, p(t|x.w.B)=N(t J‘(.\'.w).ﬂ-l))
i, B
p(t|f) =.|.|J‘p(r w.B)p(w|t.c. B)p(a. B |t)dwdad f
Empirical Bayes/type 2 maximum likelihood/evidence approximation: X} hyper-parameter .
FUX R SRk, B 4GSR i {#73 marginal likelihood ¢ kAL B4 o F1 87, SAJG f
hyper-parameter Ji [ (" #1 B7, F A} w47 marginalize:
pt|H) = pt|t.a’.f) =.fp(r w, B )p(w|t.a". B )dw

waEg M s

Curve fitting AIF :

1) MLE , E5#5&%7 likelihood function KEAE , BRISE w, 1Z5EET point estimate,

2) MAP (poor man’ s bayes) , 5|\ prior probability , ¥J posterior probability kA E , 152 w,
MAP IEFHEZTF7E MLE ROBFREREL ( likelihood function ) HFIADAN—"" L2 penalty. iZI5iEBET
point estimation,

3) fully Bayesian approach ZE{#FS sum rule 1 product rule{ B9 “degree of belief” #J machinery
=R , FLXEA rule X3 “degree of belief” B3z ) , MEXKS predictive distribution XEE
marginalize (sum or integrate) over the whole of parameter space w :

pt|x.X.1)= |‘p(r| x.w)p(w| X.t)dw

Hep | x 2FNNSR , X 2UWRZREIES | t REUESHENMEUERENEY label, HSLEASH W



[E3HEEEI91Y 33 probability #{T—RIMXIY EIIX MIRFENT w #1715 B marginalization,
HF marginalization BFEZIFEMEKENAY , FRLA—RRFEETXT Graphical Model RURHERFE

Laplace approximation, Variation inference, MCMC S&HfixLt,

FTLATRA 1 Z = S 7 HOME S 2 Graphical Model FIZRFEE—NEE marginalization /9,
TEHRIIEERNHORS :

BTG 5 LS(Least Square) FiEEREAT Ko KA , BATLASE! Least squares for classification,

Linear Discriminant Function

Linear discriminant function for a vector x

y(x) = wi'x + wo
where w is called weight vector, and wy is a bias.
The classification function is

C(x) = sign(w!'x + wy)

where step function sign(-) is defined as
. +1, a=0

sign(a) =
-1, a<0

—RREMEERY Generalized Linear Model: an activation function acting on a linear function of the
feature variables :

y(x)= f(wr(,#(.\') +W,)

#14 Generalized Linear Model (GLM), M x #y%3 A E3E 1 i, @(x) 79 x 1] feature vector,
i £ 4% —/NeR 3L, FRM activation function, f 1Yz BA #FK A link function.

(1) 4 f /& nonlinear function fHT %, GLM Jj&—* classification model;

(2) 4 fJi identity function )i {%, GLM Jf&—4" regression model.

Linear Model X4F[EIFF5 KA BT  BLEREAIARRE
sign(w!x + wo)

XE sign Bl — P IFEMRIREL , HSLR—MNEMTREL IREEHAT,

TERER T REFENEEAT. 8Fm : £ D 4 Euclidean space FEGEFEEE—EH— D-1
U, TRiZZSEE—MEMDSE, Linearly separable : 9#F D #=SEhHIL EREURE ST LARBRE
iSRS, Coding scheme : 1-of-K binary coding scheme , BI#NRE K 1% , REUERET
FiTR, WFRFA—KERE , ZAERTE I MDER 1, HRER 0,



Properties of Linear Discriminant Function

wo

v(x) = 0 for x on the decision surface. The normal distance from the origin to the
decision surface is

wl'x Wo

[[wll [[wll

So wq determines the location of the decision surface.

Properties of Linear Discriminant Function

Let
X=X) +ri—7
[[wl]
where x| is the projection x on the decision surface. Then
T T wlw
WX=WX| +r-—-r
[[wll
o o s ; i
WX+ wo =W X1 +wp+r|wl
y(x) = rfjw]|

¥(x)

[Iwll

Simpler notion: define W = (wo, w) and X = (1,x) so that

y(x) = w'x

KTBFE LM TR — RS , ESXBR AILER 139 1,1 ME oK, Hila:
REDR 3 K SR AN B
BBA 13 1 BLEEESL 6 N 2Ea%
BBA 13X 1 BT 3 NM2EeR
R AN
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ANERE

1D EHEME

EERFRER
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Multiple Classes: Simple Extension

One-versus-the-rest classifier: classify C; and samples not in Cy.

One-versus-one classifier: classify every pair of classes.

not Cs

EOR 1NZ /LR 1N 1, BEFE—ETEDRNIER EMREEXEERD.
ZORAIRFIEZ RIEE, MERORY, TESH TR :

Multiple Classes: K-Class Discriminant

A single K-class discriminant comprising K linear functions
e sl iy
Vi(X) = WX + wyo

Decision function

C(x) =k, if ye(x) > yi(x) Vj #k
The decision boundary between class C; and C; is given by yi(x) = yj(x)

(W — w‘,-)".x + (Wko — wjo) =0

IEBBREI R

Property of the Decision Regions

TEESERMNSERHAkLEH Fisher's Linear Discriminant 7,
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7 BFEEE Fisher's Linear Discriminant , Linear Discriminant Analysis, LDA), t20Uft{ Fisher £t
Bl , X NEF] Graphical Model B9 Latent Dirichlet allocation K93F. FANAIAA LDA SJLABR—1
BINEFERZRA | XL PCA(EMD 27) ICACEZA S DT B EMERAER NI TIRENARA |, BiF
mainfold dimension reduction # , #E7TCINER. LDA EIEEI—MEE AR L HEERIn R
i PCA REHERNEEMDEHEFS Loss &/MISME , LDA EX REHERA XNRESERE.

Fisher’s Linear Discriminant

Pursue the optimal linear projection on which the two classes can be maximally
separated
y= W7.\'

The mean vectors of the two classes

1 1
m; = N Z Xp, MW= Z Xp

ned, “ nec;

=)

e .',' ] A
4,

R

-2 2 6 -2 2 6

Difference of means Fisher linear discriminant

KESERABBIE(AHEESARIR , T XNREGERE 2B ERNREIIENSRIEEREA
8, talE Fisher 522 LS B , 17 BAZKRXY Fisher BB+ ALZEA)?
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LDA B AREEE Gaussian {RIZ T, 28 power performance B9, 4015 data B9 distribution 23FF
FHNAY , BBA LDA BERKNH. BBFiFRERL Kernel F9 trick 7,
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HESAFE Gaussian RiR

MIZ%_ERVFESR(813394698) 20:46:01

RRITIYE

echo<echotooo@gmail.com> 20:46:40

T EERD IR ?

planktonli(1027753147) 20:47:00

EEFZEA Between class Variance , X/MNEiET EEFIAL.
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if the distribution of data is not so good, then we may use Kernel Fisher discriminant analysis

I mean that the distribution doesn't meet the gaussian,

echo<echotooo@gmail.com> 20:50:35

HEE kfda AXIBEHDHEREFS ?

planktonli(1027753147) 20:50:42

the detail info you can c the web site http://en.wikipedia.org/wiki/Kernel_Fisher_discriminant_an
alysis KDA FELEER | KB ER LDA 1HRE , ARAMEISZET Kernel 75EM& T8 Sb, Sw | iIXEERY
KDA #i2 kernel fisher 7,

EB[AEENB(37633749) 20:52:11

oK, BAH

planktonli(1027753147) 20:52:24

7, TEEE NN MR perceptron |, XMNE—MEBRERRAG , iTEER training error BREL |, i
WESTEAERBE TREE

The Perceptron Algorithm

More general form of a linear classifier
y(x) = sign (W ¢(x))

where ¢(x) is the feature vector of x (recall the basis functions in linear regression),
and typically includes a bias component ¢p(x) = 1.
Given a set of samples {x,, 1,,}‘,7:]. x, €RP, 1, {=1, 1}, our goal is to find the
optimal parameter w to minimize the training error
N T
E,(w) =— E W Oty

nemM

where ¢, = ¢(x,) and M denotes the set of all misclassified patterns.

The Perceptron Algorithm

Let M = {n} where x, is misclassified. Then
E,(w)=—wlot
14 “n'n
Stochastic gradient descent:
wrth = w) — pVE,(w) = w) +ne,t,

where 7; is the learning rate parameter and 7 is an integer that indexes the steps of the
algorithm. Without loss of generality, we can setp = 1.

For sample n
(DT 4 ()T 4 b \T 4 ()T
—W T ) @n'" = _“(T) (pnlll o ((pll’”) @])[II < =W L QL)}]’H

where we have set 7 = 1. This does not imply that the contribution to the error
function from the other misclassified patterns will have been reduced.
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Ilustration of the Perceptron Algorithm
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Properties of the Perceptron Algorithm

Perceptron convergence theorem: if there exists an exact solution
(which means the training data is linearly separable), then the
perceptron learning algorithm is guaranteed to find an exact solution in
a finite number of steps.

In practice, the number of steps required to achieve convergence could
be substantial. Until convergence is achieved, we are not able to
distinguish between a nonseparable problem and one that is simply
slow to converge.

The perceptron algorithm does not converge when the data are not
linearly separable.

¥¥7 perceptron ELLE B,
TEE , Probabilistic Generative Models , i&@id MAP AR HISRIGE] | EE SlOMIsR, SR
BEEER, 2 2509 Probabilistic Generative Models #i2 logistic sigmoid function :

Generative Models

Bayesian decision theory

C(x) =G, if p(Ci|x) = p(Cjlx) Vj # k

The generative approach: model the class-conditional density p(x|Cy) and the priors
p(Cy). and use the posterior p(Cy|x) through Bayes’ theorem.



Two-Class Generative Model

The posterior for class C;:
P(x|C1)p(Cy)
p(x[C1)p(Cy) + p(x|C2)p(C2)
1

p(x|C2)p(Ca)
b p(x|C1)p(Cy)

1
1 +exp(—a)
=o(a)

p(Cilx) =

where we have defined
_ 1og PEICOP(C1)
" p(x|C2)p(C2)
and o(a) is the logistic sigmoid function defined by
1
ola) = ——
(@) 1 +exp(—a)

which is also called ‘squashing function’ because it maps the rc|zll axis to a finite

Logistic Sigmoid and Logit Functions

Logistic sigmoid function has the property
o(—a)=1-o(a)
The inverse of the logistic sigmoid is given by

o
a = log

l—0o

which is known as the logic function, or log odds.

XMEERE/RIZ input 957 , BI18ZE class-conditional distribution , FEIMHTEIREEY Ak EIHESE
& . 2% Discriminant model —&&#17 make decision 7,

Multi-class Generative Model

For the case of K > 2 classes, we have

L r(x|C)p(G)
P(Celx) = > P(x[C)p(C)
exp(az)

5 exp(@)

which is known as the normalized exponential, and a;’s are defined by

ar = log p(x|Ci)p(Ck)

The normalized exponential is also known as the softmax function. If @y > a; V j # k,
then p(Cy|x) ~ 1, and p(Cj|x) ~ 0.

£ gaussian AIER T H2H



Gaussian Likelihood Function

Assume that the class-conditional densities are Gaussians that share the same
covariance matrix. The pdf for class Cy is

X :;e,_l._T—l,_'
p(x|Ci) PETER X]{ 2(x n)' 37 (x u)}

For the two-class case, we have

. PX[CP(Cr)

a(x) = log p(x[C2)p(Cr)
=(p — Nz)TE_lX = %N‘{E_]”' o ;—,u'{E_l;Lz oz ;:Egl;
=wix 4+ wp h
where w =B up— )
-~ —%H-]TE_I:U'l n %ugz““z + log ZEZ;

Two-Class Gaussian Likelihood Function

Multi-Class Gaussian Likelihood Function

For general K classes, we have

a, = log p(x|Cy)p(Cy)
1
=L BT K ;[L[E_][Lk +logp(C) + xS~ "x + const

Notice that x ™ 'x is cancelled in the softmax function. Therefore
ax(x) = WZ-X + wio
where
Wi = E_][Lk
] reei
Wi = —5 M X py + logp(Cy)

Hence a;(x) is again linear function of x.



Multi-Class Gaussian Likelihood Function

The covariance matrix of each class may not be identical, and the cancellation no long
occur. This leads to quadratic discriminant.

25

2

15

-2 -1 0 1 2

S ERBAEARR LT 2 XROKT |, £ 2 XERT BARB MLE 5% |, iS40

Maximum Likelihood Estimator for Two Classes

Given a data set {x,, t, }N_,, t» € {0, 1}. Denote the prior class probability p(C;) = 7
and p(Cy) =1 — .

For a data point x,, generated from class C; we have #, = 1, and hence

P(%n,C1) = p(CLP(AlC1) = TN (xalpay, )

For a data point x,, generated from class C, we have #, = 0, and hence

P(%asC2) = P(C2IP(a|C2) = (1 = TN (b1, 5)

Therefore, the likelihood function is

N

(I, 1, 19, D) = [ N (Sl B)]" [(1 = 1N (a1, B)]' "

n=1

where t = (71, -+ ,ty)".

MLE for

Maximize the log likelihood

N

logp(t|m, oy, g, 2) = Z {r,, log 7 + tn log N (Xn |2y, )+

n=I
(1 —ty) log(1 — ) + (1 — 1) log N (X | £, E)}

The terms that depend on 7 are

N
Z {talogm+ (1 —1,) log(1 — )}

n=I1
Setting the derivative w.r.t. ™ equal to zero, we obtain

N
1 N N
= — ty—= ——= ——m8M8
me oD = N +N,

n=I

where Ny denotes the total number of data points in class C; and N, denotes the total
number of data points in class C;.




MLE for p; and p,

The terms in the log likelihood that depend on 1,

N

N
1 - 1 o
N E tnlog N (xu|p1, X) = ) g (X —=p o2 l(x,, — f47) + const

n=1 n=I

Setting the derivative w.r.t. p¢; to zero and obtain

N
1
Hy = N—] Z InXp

n=1
or simply the mean of all the input vectors x,, labeled as class Cy. Similarly

N

( 1 — 77))Xn
n=1

MLE for X

The terms in the log likelihood that depend on 2

1

l‘zzm

N N
1 | _
— % Zr,, ]Og |Z‘ — ;ZI"(X” = [LI)TE l(xn = /Ll)
~ n=1 “ =1
1 N I N
— =) (1= ta)log B[ = =Y (1 = ta) (X0 — p12) =7 (X — p12)
~ n=1 ~ n=1
N N
= ——log|B]—~=Tr="!S
27 2
where
IVI N?
S=—S —S
N TN
- 1 g
81 = Ny Z(x,, — ) (X0 — )"
1 nec,
l -
S; = Ny Z(x,, — M) (Xp — l"2)7
< nec,

MLE for X

Using what we derived for the MLE for the covariance matrix for a Gaussian
distribution, we obtain

¥=S

Therefore, the MLE for the parameters

N\
="
Ni + N
| N
Kt = ‘N; Z nXn
n=I
p— ] u I =
M2 = No (1 —tn)xn
“ n=1
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Work in the New Space

We will work in the feature space ¢(x) which includes ¢y(x) = 1 so that the
corresponding parameter wy plays the role of a bias.

Nonlinear basis functions are double-edged sword. It can ease the problem, but can
also introduce more overlap of the posterior. Domain expertise is often required to
design good nonlinear basis functions.

Logistic Regression

We can directly express the posterior in the space of basis functions
T = T
p(Ci|p) = y(p) = o(w @)
where p(Cy¢) = 1 — p(Cy|p) and o (-) is the logistic sigmoid function.
For an M —dimensional feature space ¢, this model has M parameters. In contrast, for
a Gaussian generative model using MLE, we have 2M parameters for the means,

M (M + 1)/2 for the shared covariance matrix. Together with the class prior p(Cy),
there are in total M(M + 5)/2 + 1 parameters.

ZIEOARRAMASHETEE

MLE for Logistic Regression

Given a data set {¢,,, t,,}f;;l. t, € {0, 1} and ¢, = ¢(x,). The likelihood function is

N

p(tjw) = H_\"j;’(l )

n=1
where t = (t1,--- ,ty)" and y, = o (W' 9,).
The error function (negative log likelihood) is

N
E(w) = —logp(tlw) = — Z {tylogy, + (1 — 1) log(1 —y,)}

n=1

Recall the logistic sigmoid function
1

o(a) = —
(@) 1 + exp(—a)

Therefore
do exp(—a)

da ~ (1 —+—cxp(—(1))2 )



MLE for Logistic Regression

Because y, = o(w! ¢,), we have

J ) _"n(] __"n) )
VE(“):—Z{ —-(1 _’")W}QJ”

n=1

=3 Z {fn ‘n S (l - fn))'n} (rbn

n=1
N

= Z(."n = ’n)c,bn

n=1

The gradient is contributed by the error y, — t, times the basis function vector ¢,.
This update is similar to that of perceptron algorithm.

However, gradient descent algorithms tend to converge to bad minimums.

Newton-Raphson Update

Gradient and Hessian

N
VE(w) = Z(."n —ty) Oy = (I’T(.v —t)
n=1
N
H=VVEW) =Y vl —ya)¢,¢, = 'R
n=1
where @ = (¢, -, on)" € RY*M s the design matrix, y = (yy,--- ,yy)7 is the

vector of the posterior based on the current w, and R is a diagonal matrix
Run = A"n(l — ,"n)

This Hessian matrix H is positive definite because 0 < y, < 1.

Newton-Raphson Update

Newton-Raphson update
wnew) — v (old) ((PTR(I,)—lq)T( )
= (2'R®)” {S"RBWCY — & (y 1)}
= (®"R®)'®"Rz

where

z=®w _R(y—t)

In other words

w(ncw) (old (‘I’TR@)_]‘I’T( )



Linearization

We can derive from another perspective.
Let w(™) = w9 4 Aw. Taylor expansion leads to
A\'f,"““') = U(w(““w)rq‘)")
- CT(W(OM)TQ,, e A“.Td)”)
~ ‘\,,(Iold) 4 v\,’(lold) ( i ).’(Iold) )(b,{A“
Now we can drop the superscript (old) and put it into the derivative

N

VE(W) — Z(".” = ’H)(;)n

n=1

N
— Z b, [.\‘,, —th+yu(l — .\',,)(DZAW]

N=1
=3 (y—t)+ P'RPAW
Setting the gradient to zeo we obtain

Aw = —(®"R®) '@ (y — t)

Iterative Reweighted Least Square

1. Initialize w

[§9]

. Compute current prediction y, = a(w”‘q')”), and weight R,n = y, (1 — yy)

. Solve linear system: Aw = —(®"R®)~'® (y — t)

= W

LW w4 Aw

N

. IfAw < e, goto 2.

Frequentist /il 4« Bayesian iz 4< REASERY BT R B 7

Linear basis function Bayesian linear basis function | {ij & fl 5 & ¥4 closed-form

regression regression solution

Logistic regression Bayesian logitstic regression AT & SR ARLS), G#&
Laplace approximation

JERIXE |, Logistic regression 2T 5209, AR,

¥ 7 X2 Probabilistic Discriminative Models B9 , ESLRIAR point estimization,

&=/ &%& Bayesian Logistic Regression :

XE R we want to approximate the posterior using Gaussian , #i2HEEETD ISR
3E%& Laplace Approximation :



The Laplace Approximation

Suppose the distribution p(z) is defined by

p(z) = —f(2)

| f
7
where Z = [ f(z)dz is the normalization constant and is unknown.

Our goal is to find a Gaussian approximation to a continuous pdf at a mode. In
general, it is a very useful technique to use one simple distribution (such as Gaussian)
to approximate more complicated distributions.

The Laplace Approximation

The first step is to find a mode of p(z), zg, such that p’(z9) = 0, or

df(z)
dz

=0

=20

The logarithm of a Gaussian distribution is a quadratic function. Therefore, consider a
Taylor expansion of log f(z) center at mode zg

1
logf(z) = logf(z0) — 5A(z — 20)°

where

R d
T dZ?

10‘;]’(:)1

=20

The first-order term in the Taylor expansion does not appear because

L logf(2)

—w f(0)

=20

The Laplace Approximation

Taking the exponential we obtain

f(z) = f(z0) exp {—%(: — :o)z}

We then obtain a normalized distribution ¢(z)

q(z) = (%) ; exp {7,4 (z— :o)z}

The distribution is valid iff A > 0, or the second order derivative is negative at zo,
indicating that zo is a local maximum.

Laplace ITUSER— D fiEiak T S8 DT

19|



High-Dimensional Distribution

Extend the Laplace method to approximate a distribution p(z) = f(z)/Z where
z € RM. Ata local maximum zy the gradient V£ (z) vanishes. So the Taylor expansion
leads to
I T
— = (z— 2)"A(z — 7)

logf(z) ~ logf(zo)
where the M x M Hessian matrix A is defined by
A = —VV Iogf(z)|1=s,
Taking the exponential of both sides we obtain

@) ~ flan)exp { ~ 2 20"z~ )

Therefore, the approximate Gaussian distribution is

Az I
q(z) = | il‘ exp{—

(2m)% 2
Bayesian Inference

Since we want to approximate the posterior using Gaussian, it is natural to set a
Gaussian prior for the parameter

(z —29)"A(z — zo)} = N(z|z0,A7")

p(w) = N (w|mg, Sp)
Recall the likelihood

N

p(tjw) = H)':’"(] — )

n=I

Therefore the logarithm of the posterior is
! Ty—1
log p(w|t) = — (W —mp) X, (W —mo)

N
+ Z {’n log_\',, + (l = ’n) loi—'(l _.\'n)}

n=1

where y, = a(w/'®,).

Laplace Approximation

Compute gradient and Hessian

—Vlogp(wlt) = ®T(y — t) + SO”IW — So'lmo
H=S;'+ & R® =S}’

So
Aw = —(S;' + ®"R®) 7 (®"(y — t) + Sy 'w — S5 'my)

We can use IRLS to obtain the maximum a posteriori (MAP) wyap.

The Gaussian approximation to the posterior therefore takes the form

q(w) = N (W|wmap, Sy (Wwmap))



Predictive Distribution

The predictive distribution for class C;, given a new feature vector ¢(x), is obtained
by marginalizing w.r.t. the posterior distribution p(w|t), which is approximated by a
Gaussian distribution ¢(w):

p(Ci|o,t) = //)(Cl|¢>. w)p(w|t)dw ~ /a(qub)q(w)dw

The corresponding probability for class C; is given by

p(Ca|o,t) =1 —p(Ci|o,1)

Predictive Distribution

Note that

a(wlo) = /6(0 —w'¢)o(a)da
where 4(+) is the Dirac delta l‘unclion..Thcreforc
/a(wr,o‘)q(\\')dw = //5((1 —w! ¢)o(a)g(w)dwda
= /0((/) /5((1—wT(;))q(w)(lwda
= / o(a)p(a)da

where

pla) = /(5((1 —wlg)g(w)dw
The function §(a — w” ) can be approximated by a Gaussian

8(a—w'op) ~ N(dp'w,ol),a — o0

Predictive Distribution

Therefore
ta = ¢ Waap
ol =o¢"Syo + %I = ¢'Syo
So the predictive distribution becomes
p(Ci|t) = /(r((l)p((l)d(r: /0((1),»\"(0];1,,,05)(!(1

The integration is difficult due to the logistic function o(-). Instead, we can use the
inverse probit function ®(a) to approximate the logistic function

®(a) = /“ N (0|0, 1)d6

¥¥ 7 B&faHY Bayesian Logistic Regression 1527,
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Gaussian Discriminative Analysis

e learning f: X —» Y, where
e Xis a vector of real-valued features, X,=<X,,.. X, >

n1* n,m

e Yis an indicator vector

e What does that imply about the form of P(Y|X)?

e The joint probability of a datum and its label is:
p(x,.vF =1| u,0) = p(* —l)xp(x |yE =1 u,0)

1 )
_ﬂkm S‘ip}' (X '11,‘) ‘

e Given a datum x,, we predict its label using the conditional probability of the label
given the datum:

1 | ) 2|
«Ta—me-\}) T aar (X, — )"

p(E=1|x,.u.0)=

> ;e\; J s T )2]‘
e @ty T e

Naive Bayes Classifier

e When X is multivariate-Gaussian vector:
e The joint probability of a datum and it label is:
p(x,. ¥ =1 i,2) = pOF =D)x p(x, | ¥¥ =1, [L.T)
1

L | 3
:17,+em-i(x Y X (X -,u_)
k (zﬂ_’zl)),z C2\&, k n k/)

¢ The naive Bayes simplification

p(x,.9* =1| 1.0) = p(+f —1)’HP(‘M ¥ig, Uy ;:Cx ;)
1 | 2l
_TkH 07* 72 XPr, ,( =) |

e More generally: p(x,.v,|7.7)=p(y, | 2)x] [ p(x,, | ¥,-7)
j=1

e Where p(. | .) is an arbitrary conditional (discrete or continuous) 1-D density



- - - - - o0
The predictive distribution °
e Understanding the predictive distribution
'k: 3 “}V‘/ / J\‘r.'. :
Bl =A%, mmay=20h =L% |BER)  _ HNGE|6Y)
px, | 2,Z) Zk,frk_\"(,\‘”.| BB,
e Under naive Bayes assumption:
Ty €XPp E_S‘ ,-,ig ()~ 1) ~log 6;;—=C i%
Ot =1|x,, A.2.0) = l il ) g

1

25
g

P 8&0‘}_:' (] — 1l y* —log o, i—C !‘

e Fortwo class (i.e., K=2), and when the two classes haves the same
variance, ** turns out to be a logistic function

E.j

Pt =1 %) - - - —- :
i 1‘:; “ 1ot [ & (el - i)+ 2 Uy P -Lgd P |+ log 2522
13675
oo
The decision boundary 2

e The predictive distribution

pOl=1|x,) = 1 il :
= [ Ape®?
l+expi->6,x) -6, |
L =
e The Bayes decision rule: ,
\
| 1 7.
(v = ' -6'x /
p 2 =oi%) =5 | 1T o =6
p(y: =1|x,) A, en
| £ 5
/ 14+

e For multiple class (i.e., K>2), * correspond to a softméx functién

-~
6y x, « Q) /

e ) /o
Z" 7% T\ S
s (O \
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Figure 5.9 Examples of two-layer networks trained on 10 data points drawn from the sinusoidal data set. The
graphs show the result of fitting networks having M/ = 1, 3 and 10 hidden units, respectively, by minimizing a
sum-of-squares error function using a scaled conjugate-gradient algorithm.
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where @ is the design matrix, whose n'" row is given by ¢(x,,)*. Here the vector
a=(a...., ay)T. and we have defined
1
an = _X {WT‘b(XH) = fu} . (64)
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k(z,2') = ¢(x)Td(a') = Y ¢i(x) i)

i=1

where ¢;() are the basis functions.

SRR AR 2) = (X'2)” 2wy -

2 ¢
k(x,z) = (x"z) = (121 + 2222)°
= 2223 4+ 2r1 21202 + Ta2

= (z3, V2z,25, T2)(22, V22125, 22)" ‘
= ¢(x)"¢(2). meEh002) = (X'2)" s pEs , casHz

EREIRI—ARAZL.
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More generally, however, we need a simple way to test whether a function con-
stitutes a valid kernel without having to construct the function ¢(x) explicitly. A
necessary and sufficient condition for a function k(x, x’) to be a valid kernel (Shawe-
Taylor and Cristianini, 2004) is that the Gram matrix K, whose elements are given by
k(Xn,Xm), should be positive semidefinite for all possible choices of the set {x,,}.
Note that a positive semidefinite matrix is not the same thing as a matrix whose
elements are nonnegative.
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Techniques for Constructing New Kernels.

Given valid kernels &, (x, x') and k(x, x'), the following new kernels will also

be valid:

k(x,x') = cki(x.x) (6.13)
k(x.x") = fx)ki(x.x)f(x) (6.14)
k(x,x") = q(ki(x,%)) (6.15)
k(x,x') = exp(k(x,x)) (6.16)
k(x,x") = ki(x,x") + kao(x,x’) (6.17)
k(x,x") = ki(x,x)ka(x,x') (6.18)
k(x.x) = k3(o(x),0(x")) (6.19)
k(x,x) = xTAX (6.20)
k(x,x) = kao(Xa,xh) + kp(xs,X}) (6.21)
k(x,x) = ko(xasx,)kp(xp,%}) (6.22)

where ¢ > () is a constant, f(-) is any function, ¢(-) is a polynomial with nonneg-
ative coefficients, ¢(x) is a function from x to R, ks(-, -) is a valid kernel in
RM | A is a symmetric positive semidefinite matrix, x,, and x;, are variables (not
necessarily disjoint) with x = (x,, x;), and &, and k; are valid kernel functions
over their respective spaces.
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Koox) = exp (<l =XIP/20%) o sy

NE—MEERRINEREZERE | =X
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omitted. We can see that this is a valid kernel by expanding the square
lx — x| = x"x + (x')Tx’ — 2xT%

to give

k(x,x') = exp (—x"x/207) exp (x"x'/o?) exp (—(x)Tx' /25?)

evie] P X 7) c ey | MR RESET TR,

RIS MAERTEMYE | TUARREIEEEMNAEE. tnFT LRI £ SRR SRAEEZ,

Given a generative model p(x) we can define a kernel by
k(x,x') = p(x)p(x’).
NEREHRERERSEUEEAR , X SRR —HERIRFR,

k(x,x') Zp(x| i)p(x’|i)p(i).
HATLSINEHHREEE

Elnli— / p(x|z)p(x'[z)p(z) dz
EERTE .
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Now suppose that our data consists of ordered sequences of length L so that
an observation is given by X = {x;...., xr}. A popular generative model for
sequences is the hidden Markov model, which expresses the distribution p(X) as a
marginalization over a corresponding sequence of hidden states Z = {z,...., z.}.
We can use this approach to define a kernel function measuring the similarity of two
sequences X and X' by extending the mixture representation (6.29) to give

KX, X') =) p(X|Z)p(X'|Z)p(Z) (6.31)
VA

so that both observed sequences are generated by the same hidden sequence Z. This
model can easily be extended to allow sequences of differing length to be compared.
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X507 xn. We are therefore interested in the joint distribution of the function val-

ues y(x1),..., y(xx ), which we denote by the vector y with elements y, = y(xn) Yy BEANE
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~vhere @ is the design matrix with elements ®,,1 = ¢r(xn)
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where K is the Gram matrix with elements

c 1
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Figure 6.5 Samples from a Gaussian process prior defined by the covariance function (6.63). The title above
each plot denotes (fo, #1. 62, 6z3).
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From these we obtain the following expressions for the mean and covariance of the
conditional distribution p(x,[xs)

Bap = Mo+ ZanZy (X5 — py) (2.81)
Ea]b = Xga— Eubzb_blzbu- (2.82)

srarmm PN+ D g
ditionz‘il dlsmbutlon p(f4\-+1|t) is ; Gaussian distribﬁtion -with'mcan and covariance
given by

m(Xyy1) = kTCK,lt (6.66)
0% (XN41) c—k'Cy'k. (6.67)
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Under our above assumptions, there must exist w®, a*, 3* so that w”* is the
solution to the primal problem, o*, 3* are the solution to the dual problem,
and moreover p* = d* = L(w*, a", 3*). Moreover, w*,a* and 3* satisfy the
Karush-Kuhn-Tucker (KKT) conditions, which are as follows:

)
,( Llwta®,B) = 0, i=1,.:., n (3)
dw;
%)
f—L‘,iu".n'. 3") Uzt T ! (4)
adJ;
agi(w') Oodiemilmvus k (5)
gi(w®) £ Oy t=Yu k (6)
e’ 2 0 ti=tveay k (7)
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Figure 7.10 lllustration of the mechanism for sparsity in a Bayesian linear regression model, showing a training
set vector of target values given by t = (¢1, l‘g)T. indicated by the cross, for a model with one basis vector

@ = (d(x1), ¢(x2)) T which is poorly aligned with the target data vector t. On the left we see a model having
only isotropic noise, so that C = 3~ 'I, corresponding to a = o, with 3 set to its most probable value. On
the right we see the same model but with a finite value of a. In each case the red ellipse corresponds to unit
Mahalanobis distance, with |C| taking the same value for both plots, while the dashed green circle shows the
contrition arising from the noise term 5~'. We see that any finite value of a reduces the probability of the
observed data, and so for the most probable solution the basis vector is removed.
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Figure 4.14 lllustration of the Laplace approximation applied to the dlstrlbutlon p(z) x exp(—2?/2)o(202 + 4)
where o (=) is the logistic sigmold function defined by o(z) = (14 e~*)~'. The left plot shows the normalized

distribution p(=) in yellow, together with the Laplace approximation centred on the mode =0 of p(z) inred. The
right plot shows the negative logarithms of the corresponding curves.

EE, BERELIFENRUR | BRI SHMGE. HSEEnTEoETE A>0 , Rt Rls "0

VIMEBERAE , fOEN[/ENSEARE, 5z 22— MERER , EUSXREZENTEARE
"I SHIIE A TR T MxM ERGEFRER RIS,
WL ERIERSEHSmNT

Els

( )II 2
A SYEFRERITE mode R# 2o — MR RIBITEEMRICENISRSHA , T,

92 =——7 eXp{——(Z 2,)" A(z-2,)} = N(z|zp.A™)

BERE BRSO RVM S2amgp(t| o, B) .
1
r@)=—= f(2)
NI FERE DS T R— AT EKXE q@)fE | BE Z PSR, BERIA—ERE
AR :

7z = /f(z)(lz
.f(z(,)/vxv{—.l(z — )T Az — ZO)} dz

i () )'\I/?
= flzo |A|1’2

12

(3]



XN—28H. 558 RVM §13d w RIS | SeK/E3e5 1R mode REL , B &AM log 530

15 ot a) ¥k mode 5B HIXA log /53576
In p(w|t, ) = In {p(tjw)p(w|a)} — Inp(t|a)

N
: : 1
= Z {tnlny, + (1 —tp) In(1 —yn)} — 3WTAW + const  (7.109)

n=1

e A = diag(ay)

BERESAEIHEBRRRS 761 mode) MEREATT :
w* = A'®T(t-vy)
Y = ($TB&+A)

SN e————l L R B UL
PRRITY L i

REEIA ARzt z= AL

5

ptle) = /p(t\w)p(wlamw

w*)p(w*|a)(2m)M/2 |2 1/2,

~ p(t

RVM XBOABETHE_ESHOMNE=. NURE , 2THESRE , FERIEXEKAEEHE.



%J\& Graphical Models

EiHA Rt
($FRAS: OSAMFRERE )

KY#8(66707180) 18:52:10

SKNNBEER :

1. INMHERREFNS/RELRBENIZAES: | XGRS | SRR ; 2. ERIHERIERT inference,
ENEEL R AENANRTMERER | SEREE I |, BERTEEZANXER |, MRES AEREM
ZEE, EREFERNMETNGE , TRAETERD/RERIENIG. XNMWEE , prml ZiH T ITEECSHE
EDRBAFHRER | DURAMAIR R SRR,

o WHERRIZE |, WHETRMEREEE , ADRETHENEZR | ASELERNEEZERIRIRKR, — M
+

XE—MEETHE , XM ERFAISERERT:
D(CLxX2,..x7)= plz1)p(z2)p(za)p(zy|zy, 22, 23)p(25| 21, 23) p(206| 24 ) p(227| 24, T5). Rtk

—T , WHERNSBRRIIRE D HE |

K
p(x) = [] p(zklpay)
k=1

PAER MRS IR SRS ARG L | (HREMSE | AZIR Y. THiR— R
HFRFIHITG A, SR | 8% ab.c =M, WIR p(a,blc)=p(alc)p(blc) , MiFiEEc, aflb
Sz, HR a, b, ctBAILIR=AT R , XBERLBENMTRAG. BEFERR , B=MER .
F—ERE

c (UFRAETLAIRESER | FRE tail-to-tail , IXFHEN , ¢ RAAYEHE , a , b RFIRIZAY, c EXNAIEHE ,



b &R, KENA , B XTEBRSHERNT
7_ [E ¢ FRANBIATIR p(a,b) a0 TR AR:

(a,b) Zp alc)p(ble)p(c

AL |, TiEBH:p(a,b)=p(@)p(b) , ATLA a,b 3z,
MR cSE, W
pla,b.c)
p(c)
= plalc)p(ble)

FTLA a,b RAIRTTF ¢, FIRZABLUATRSERDR

pla,blc) =

a,b RIMIZIRFEFRD: -
all b|0
X REFRTAIEMHIIAIE—F/ZL |, AU tail-to-tail, EEFP.2R tail-to-head , WIE :

(4! [
O N
N
XFPEREE ¢ RKEIET , afl b A¥uz, c BEIRT , a f b &8 F ¢, #HESUT :
pla,b,c)
(( )
a)p(cla)p(b|c)
p(c)
= plale)p(blec)

pla,ble) =

HFE=FfENE head-to-head , 1NE :

a b

c

XAMBERRISRT | ¢ RAIRT , a 70 b BIRI7AY ; B c SHIRT , a ¥ b R BRI |
pla, b, c) = pla)p(b)p(cla,b).

E7
THEZRGO R |, 15
pla,b) = p(a)p(b)

FrLA a 0 b 1BEIH7.
B c ST :



pla,b,c)
plc)
pla)p(b)p(cla,b)
ple)
Zoi%&152 p(a,blc)=p(alc)p(b|c)
BX=MERSE  SERMHETREI— N EEMS , D-separation , X MESHIATHZ:

pla,blc) =

ABC=4HT= IR A PHEETRS BRNEETRNAMERAL  FEUTHA M AFIB#E CHE
i
1, A | B f9BR{2 _L1F7E tail-to-tail B head-to-tail FXx{iT5 = , HEZT=ETF C
2. B&42 E157F head-to-head B9/ , HEZTRAET C
ZEANIF -
a f

EOEE  BRfHHR e #AZ d-separation. A9 f 2 tail-to-tail , {8 f RE2EXA , Bt f RETF C.
e & head-to-head , B e (07T = c EEXNAY , ATl e BARET C.
speedmancs<speedmancs@qg.com> 19:23:05

2RT—R o REEREREHR

®J#E#(66707180) 19:23:21

GiLE , 1 e #82 d-separation MRS FEHER XY , BR7TX—R. BRIXMIFAEESE | XEHK
FEM AR ?

speedmancs<speedmancs@qg.com> 19:24:54

XMERHRT L, ZAEN prml X—& | iREE , [FkET PGM BI=F , EEEF T FERSR
RIBBMEIF |, BBART . =S , ESLBAFICH. BRI |, 4k,

WJ#E#(66707180) 19:27:14

EAB T IXLEMIRTIATRN |, TLUSEIRRFR— filter,

BRAE—RIIBEHNEE , HIXED T p(x1x2...xn) IS ERJUADEAEMFEMESHRIRE |, (Bd—EE |
it B ERTRER FAFMPRI D i isis. ATLAEREY , AARRRENZEBANEER T EMRER |
ALARTRERN S iRE,

ETRED/REXMENE  2X0E , hIHDREIKNE , DRRKMEEEFIETEL.

F3 MRF(malkov random field)ZRS5/REEME , MRF BAZFTER , FTLARFE tail-to-tail XL
. MRF ISR



R AEET A B HEETRIVERKEL  HFEEL—TIRET C
speedmancs<speedmancs@qg.com> 19:33:16

FRERIRAGRT LB RE-ERES T .

MJ7(66707180) 19:33:18

BB AR B PRI T C, AILIRREY S , AR C T =EBRERA , #ibEET 7 A #1 B KETREE.
MI7(66707180) 19:33:49

12 MRF B9 =0 @SSR Z T AMEEEEIAEW MRFEXEHERSBEMFMARZR, AR clique
S FEhFER "HY | MEEN—TFE , FELRRDREEEE. XN E , &XAERD
PHIR(x1,x2,x3)F1(x2,x3,x4) :

MRF (BX SRS RE— MIESE potential function , BESHIERSHRA—ZRF! potential FREIHITAR:

1 ;
p(x) = EH Yo (xe).

XC B AT , — potential @ V'O XC) | mmxmm—ms

XM REEARIE N RIKBMEARN B , —SZ21MF
FERXFEI Z 2 normalization E& :

2 =Y [[vetxo)
x C

speedmancs<speedmancs@qqg.com> 19:42:47
XA Z fRART
WI7EH(66707180) 19:43:15



1 ;
| p(x) = H Yo (xe).
EXNMFE c

TE A& potential BREGERTNIFSENEREL:

 PO)Z2—HF! potential EREFHIFFA. Ha—FPIEES |

Yo(xc) = exp{—E(xc)}
X p(OFRRT AR —ERS E(XC)AIFNATIEERER . EXo)IUMBEERE) , XA S |, TLUSEER
B— EEENES | tRESFTR N RAEIRIEEERIN. ST M FEE potential EREFIREEREUEEIX
MAFEHARR , ARBITIE.
ZEREERFRERRN RE , FENASRNRRNESEIERENE , 8MERARE—IIR

T

SIS

FEBREYi, BIEFE , REFFXLEEHNN , ENRE. TEHPE Xi /A8, ZXKE X, £ XifF
HEXEFINE  RERIAEFER. SN xifE, Sy 8X , BS5EM X AX. X8, &KX
B2 (i, yA0(xi, X)) , PIZEERAH.

ST, yi) | PREEREE Exiyi)=— TEYi ;54T () | MIRBERRE Ed, xj)= —DLiT)

P BEERERIERBERZ | AN5R xi M yi (8 xi 71 x)8HEER) , NEER/) ; WIRARE , NEEEKX.
B ERIRERNT ¢

E(x,y)=nh Z.l‘l- -3 Z xix; — ’IZI&L’:

i {i.5) i

h Z ;

i B MREI
speedmancs<speedmancs@qg.com> 19:56:55
(REIUE—FhsEIeiE
WI7ER(66707180) 19:57:28
BTYXEERE  FTRMEKRE X, (588 Exy)&/. K/, BLERRT—T , FAEERFD
R E T RERLRYTTIE.
speedmancs<speedmancs@qqg.com> 19:57:34
XEBEFRR-1 HNREZIE,

MI7ER(66707180) 19:58:20
SHRHIRAHER |, BEX AR



Such a term has the effect of biasing the model towards pixel values that have one particular sig
n in preference to the other.
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Plot of the cost function .J given by

(9.1) after each E step (blue points) 1000
and M step (red points) of the K-
means algorithm for the example
shown in Figure 9.1. The algo- .J
rithm has converged after the third

M step, and the final EM cycle pro-
duces no changes in either the as- 500
signments or the prototype vectors.
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Figure 9.3 Two examples of the application of the K-means i i toimage ion show-

ing the initial images together with their K-means segmentations obtained using various values of K. This
also illustrates of the use of vector quantization for data compression, in which smaller values of K give higher
compression at the expense of poorer image quality.
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pixel intensity vectors we transmit the identity of the nearest vector p,. Becal
there are K such vectors, this requires log, K bits per pixel. We must also trans:
the K code book vectors g1, which requires 24K bits, and so the total number
bits required to transmit the image is 24K + N log,, K (rounding up to the near
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Graphical representation of a Gaussian mixture model (z, )
for a set of V i.i.d. data points {x,, }, with corresponding
latent points {z,.}, wheren =1,... N. T r—
xn
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EM for Gaussian Mixtures

Given a Gaussian mixture model, the goal is to maximize the likelihood function
with respect to the parameters (comprising the means and covariances of the
components and the mixing coefficients).

1. Initialize the means p,., covariances ¥; and mixing coefficients 7y, and
evaluate the initial value of the log likelihood.

2. E step. Evaluate the responsibilities using the current parameter values
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3. M step. Re-estimate the parameters using the current responsibilities
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The General EM Algorithm
Given a joint distribution p(X., Z|0) over observed variables X and latent vari-
ables Z, governed by parameters @, the goal is to maximize the likelihood func-

tion p(X|@) with respect to 6.

1. Choose an initial setting for the parameters 8°'.

9.3. An Alternative View of EM 441

(&)

. E step Evaluate p(Z|X, o°').

3. M step Evaluate 8™ given by

™" = arg max Q(0. 8°) (9.32)
]
where
Q(0,6°) = p(Z|X,6%) Inp(X.Z|6). (9.33)
V4

4. Check for convergence of either the log likelihood or the parameter values.
If the convergence criterion is not satisfied, then let

9 — o=~ (9.34)

and return to step 2.
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Figure 9.8 lllustration of the EM algorithm using the Old Faithful set as used for the illustration of the K-means
algorithm in Figure 9.1. See the text for details.
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$1+—& Sampling Methods
FiRA ML ERIER
( $iRMIE: @Nietzsche_SZMILEINEES] )
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S XK FEARZSA : Markov Chain Monte Carlo , Metropolis-Hastings , Gibbs Sampling ,
Slice Sampling , Hybrid Monte Carlo,

F—EHEN S EATHIEF P ERIN—MERE | BARCIENS SRR R eI LA RS
URIERESRIAL , T HETERETIIZRIRIRAR TRZH LQIRMERNSIMLRRR | T KiEdES
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MENHEBEIE Markov Chain Monte Carlo W8§ZIF 5575,

S5t sampling NIRE  BAASKITHFEHPEESBRIXNE RIS BHINFISTIRS XEER intractable £Y,
MCMC 75z NMETEA SRR  B/AEBRZBIXd AT MR E ( @?ﬁﬁ%ﬁ%ﬂﬁ*ﬁ I =Eowaricl
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1 pZIXNEIRIS T , X—EF(IE T sampling RIBRRTTE | ZENEBAINIF © LA NBRXMAEZ

E[f f(z)p(z)dz
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BIRET | SoBEUER log (UAREEXIEEE Z 1RS¢
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YR Z BHREFMID T |, FAVMFERN Z #HTRE , NEE

L
(0,6 ~ ZZ np(Z?,X|6).
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IP Algorithm

I-step. We wish to sample from p(Z|X) but we cannot do this directly. We
therefore note the relation

p(Z|X) = /p(Z|0.X)]}(0|X)110 (11.30)

and henceforl =1...., L we first draw a sample 0" from the current esti-
mate for p(6]X), and then use this to draw a sample Z") from p(Z|0", X).
P-step. Given the relation

p(6]X) = /p(O|Z.X)p(Z|X)dZ (11.31)

we use the samples {Z(")} obtained from the I-step to compute a revised
estimate of the posterior distribution over @ given by

L
1
e (1)
P(61X) =~ - E’_l,)w[z X, (11.32)

By assumption, it will be feasible to sample from this approximation in the
I-step.

155 | RITEEERERS PEXEEE , TR PithetaOEE0") | SRSERS Z HISIR 7R TANEE -

draw a sample Z(*) from p(Z|6"), X).
P&, FIFL—EXS PZX)AOEE | SRIBEHINSHST

L
1 _
p(8]X) ~ = § p(0|Z", X).
=1

REFRIXA 1550 P EHIAER.

ETRFZAIH samplingmethods , AT T EIME , ®NMEKAB rejection sampling #1
Importance sampling A7 , XMW S ZESETHER , RMNMEFEFTHE MCMC
( Markov Chain Monte Carlo ) , F~i& , 2 MEEERENT , SIREA |, BUNEAIIRRSE
BEENRERHR=ARN— , XN aafilEXMZE2E TN , S2BII5HE, SRR
KAEHARAZR T |, tEAECHEFamE D RAREEMNEIXMEEEXER, tEE— M5
MYZHERX | EHICEENFEE S RREUTAIMBXAL , BIINEINIRLEX |, HBEEFEEGEFK
1. EEHFRTALZNTEELMNE orz

RN MCMC iR EERIZFRERBIRFHENERD RPN, BIIENMEB—NREARN Metropolis
& XMIZERESER
A(z*,z'”) = min (1 p(z") )

" p(z)

(BEER , #2 proposal distribution 2 4(ZAlZB) = q(zB|z4) | wEEees , B

p(z*)
MRS SFEEISTERD proposal 976 , REMIADERER—MEA Z+ , e P(2'7) xF 1 Eisis
2, NMENF 1 SESEEHESE , HEM (0, 1) ZER— M HEHEIMX MESRM B A

RXMEAR, LR Metropolis-Hastings algorithm 7Bk, TEIR—MIREIF  JEH
DR | BERERERNLR | A4RERN




A simple illustration using Metropo-

lis algorithm to sample from a
Gaussian distribution whose one
standard-deviation contour is shown , 5
by the ellipse. The proposal distribu- =
tion is an isotropic Gaussian distri-
bution whose standard deviation is
0.2. Steps that are accepted are
shown as green lines, and rejected
steps are shown in red. A total of 15
150 candidate samples are gener-
ated, of which 43 are rejected.
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# Metropolis-Hastings 755481 , FA17eREIEF2/RERGERIMR | IXMREZE., markov chains £
EANMERMELERE | EXEEN TP RARSHIR T RIRSTRRE
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I)(z(rrt+l)) = Z [)(Z(m+l)IZ("'))‘I)(Z("‘)). (1 138)

z(m)

LFEATRIMFES D) RSB RIS ZIEE.
TR TRIENX R TEAIR

p'(z) =) T(2,2)p*(2). (11.39)
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p*(2)T(z,2') = p*(2')T (2, z) (11.40)
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B EEBTRR AT 11.40 (AAT 1141 S750 NG RSME TR THIAT 11.39,
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BIEFAIEER , Metropolis J5iEEE&IE—MERB S BUFR proposal distribution , WX TRE
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Figure 11.13 lllustration of slice sampling. (a) For a given value =" a value of u is chosen uniformly in
the region 0 < u < p(2'™), which then defines a ‘slice’ through the distribution, shown by the solid horizontal
lines. (b) Because it is infeasible to sample directly from a slice, a new sample of z is drawn from a region

< 2 € Zmax, Which contains the previous value (7).
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KEDEHANEEESRS ., XEHASZHT . WSEEHX FA REREHRNR  MEXEHR FAFIFZ
BUEERER FA IIFAKR—RE. BIRFLAA FA SRSEUT PCA |, S5 EAESIER , A—ERIHHEN
REVNAFIRIBRH | B RZENRIFIER. FIERREEALE FAR?

THEERH—T 12.3 #% PCA (KPCA) :

FEREHE |, BTG EMERIY REHEE M Z . NI LIFIAEREICKE R ER. X2, &
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k. BIET | 25 PCA BREARN S EFIHESIFIRE

Su; = \;u; (12.71)
REAN TR DD 488 -
i -
8= P (12.72)

n=1
e TmEELEY, W = 1
W R R phi Az D) s EEEmaEnnEs 0 e

2n P(xn) =0 semers omEmER. Xi, TRERARS R, -

N
C= % > p(xn)p(xn)" (12.73)

n=1

S ZRERRHEED R
Cv; = A\iv; (12.74)

BAERIAZZURE phikn)*phiG n) AT, FAMEIEEZAEE phi(x_n)AT*phix_n)gIfzzt | LMEFIBZmA
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TERIALEHAI(12.73)1 N (12.74) , F(TATLUIEE)

N
1
N Z P (xn) {P(xn)TVi} = Aivi (12.75)
n=1
Xi5BA v_i ATLAZRTRA phi(x_n)RIZMHAS :
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v; = Z ain®(X,). (12.76)
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EFRNFEXNREE a R4, BATIIAREUEATEIFZMIRES phik). FLL, X1 a BEA1ZE
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¥ 12.76 REIEI 12.75 , SJLASE!
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Z d) xn xn Z ainld)(xnz) =07 Z a-in(f)(xn). (12.77)
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m N
j\r Z 'II xl xn Z Aim k(x‘n.-. xm) = Aj Z aznA(xl xn)- (12.78)
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SrE | B :
K?a; = \;NKa; (12.79)
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Ka,- = /\.iNa,; (1280)
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I\.’nm — &;(x‘n)’ra(x"?)
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= ¢( n)Td)( m) ;’ Z‘b(xn)T(b(xl)
=1
NZ¢(X: B(xm) + o3 ZZ«p(x $(x1)

=1 I=1
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Figure 13.3 A first-order Markov chain of ob-
servations {x,.} in which the dis- .—”—”_"—'
tribution p(x,.|x.-.) of a particu- X! X2 X3 X4
lar observation x,, is conditioned
on the value of the previous ob-

servation x,,;.

PINERFRIMNEIEZ IR 2RERE  XMRIRERAKERT , BARSHENRAEESME
KM, —MBRTIEZAEM DRBIRHEEE

Figure 13.4 A second-order Markov chain, in
which the conditional distribution
of a particular observation x.
depends on the values of the two
X1 X2 X3 X4

previous observations x,,., and
Xpm2e

EXEHRRETEFRAE 1. BMDREKERSEAS | 2. REIEXIEDAZNEERS. —
WRIRRIRTTE  BSIN—EREE , EIN TR

Figure 13.5 We can represent sequen- Zy Z3 Zn—1 Zp Zn+1
tial data using a Markov chain of latent

variables, with each observation condi-

tioned on the state of the comresponding

latent variable. This important graphical

structure forms the foundation both for the X X2
hidden Markov model and for linear dy-

namical systems.
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3. ERNZEERIHEZR (emission probabilities) :
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— Af'(z‘*) (13.18)
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alz,) = plx,.... Xini Zin) (13.34)
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2(X) (13.43)

XEE M SEKFARENSMMERLRT |, BHMAILA EM k%3 HMM (887 |, XBRXFHUR
%, KRB CHE—TtURIFERE.
FMEIEAXEFET , FETRENMNETRE , FOUERETASRES
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1
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MEMFIRG—MEBIEIRT , B2 argmax_Z{p(Z|X)} , RIFFAIE ELELREHT -

Wzn) = plza]X.0°7) (13.13)
E(Bp=1524) = p(z,,_l.z,.|X.9“[‘i). (13.14)
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Figure 13.7 If we unfold the state transition dia-

gram of Figure 13.6 over time, we obtain a lattice,

or trellis, representation of the latent states. Each . — |
column of this diagram corresponds to one of the

latent variables z,,.
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AdaBoost
. Initialize the data weighting coefficients {w,, } by setting wi) = 1/N for
n=1,...,N.

2. Form=1,...,M:

(a) Fit a classifier y,,, (x) to the training data by minimizing the weighted
error function

N
o = Z wi™ I (Y (Xn) # tn) (14.15)

n=1

where I( z,maxn) t..) is the indicator function and equals 1 when
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(b) Evaluate the quantities
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and then use these to evaluate

1—e,
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(c) Update the data weighting coefficients

u,;_'m-kljl = u,:\zm) exp {am](.i/m(xn ) ?‘L tn )} (14.18)

3. Make predictions using the final model. which is given by
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“How does boosting compare with bagging?” Because of the way boosting focuses on the misclassified tuples,
it risks overfitting the resulting composite model to such data. Therefore. sometimes the resulting “boosted”
model may be less accurate than a single model derived from the same data. Bagging is less susceptible to
model overfitting. While both can significantly improve accuracy in comparison to a single model. boosting
tends to achieve greater accuracy.
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Figure 14.10 lllustration of a mixture of logistic regression models. The left plot shows data points drawn
from two classes denoted red and blue, in which the background colour (which varies from pure red to pure blue)
denotes the true probability of the class label. The centre plot shows the result of fitting a single logistic regression
model using maximum likelihood, in which the background colour denotes the corresponding probability of the
class label. Because the colour is a near-uniform purple, we see that the model assigns a probability of around
0.5 to each of the classes over most of input space. The right plot shows the result of fitting a mixture of two

logistic regression models, which now gives much higher probability to the correct labels for many of the points
in the blue class.
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