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:0'NaN D'¥apn <Engine Type> Dy Dnwa tmp/<config>_<args> N'"Mv021
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UNNYUN? a¥IN1 N¥YIN 170N XY 079 — Engine Console.log

NT'R N¥N thread NT'R ,NNAIT? .xN DTN 9w "Dwhpn NINkn" 099 a7 — Engine.log

.JNno

19101 779N NN ,|NN9] D'P7NN 1TO DR IN7'NNA 700 ,<solution index> 1Ay '©7a |NNO — x3d

790N NXRI NIRIVOPV NIIXA 779N NX ,ANWA O'RNN 7V 1T0 oN' 9"V (NNX NNIY) NNIVY NIIX2

NAIT? . NNoN

Solution #2 Parts order H7 G3 F5 J7 |15 K7 A0 BO C0 DO EO

HGGFFHHJJIKJIKKHAGBFICGFIKIJDDEAAABBCCBBECDEDE

HHIIK
GHKK
GJJ

FJ

Xy z ™Tm ,nnarT?) npnn 7w '91¥90 [I'9X args ,NTN1IYW NNIXNY DXNNA config

NNxN .state_puz_<config>_<args>.bin yalpn DY .M 0UNNID IWXIAW NN'NY — saves N'™M90

L2'0N0'RN 12'N N2IN YIINN YWUKRD NPT 2 n'onIvIX
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2°0D°920;7 — WNI2 N2 MMNXN

config N0

21721 DV ,NWIYNL T ,N"MIPZ NINSYN2 Nd>'MnN yad .D'|7'7nl ANY NNTan U520 n'7on

. (0"1ym ¥ mmKx "N NNaTN) NIYav
.09MpPoN NIN'PN XTIN — validateBshs.bat
.<config name>_parts.bsh -1 <config name>_grid.bsh yalpn nw

D'VIYD DAY NNAIT

3D-sizes xy z sphere pyramid
grid = new Grid3D(); grid = new GridSpheresPyramid();
grid.build3d(5,5,5); grid.buildPyramid(2);

.3d_parts.bsh :0"71vani ninnon |I'x71 spheres_parts.bsh 07707 nao1n nnart

NWPA 11 ,0001VNN 0NN AIT) NN DMWY L DRNN 1900 ,0W NYTAN 770 75 1Ay

.Arc* java 'Yap NX src-1 NIXIYZ [N .0 NS0 D'0II9N NINWPN 110 (DN

part = new PartsSphere('E');

part.prepareRotations(3); part = new PartsSphere ('F');
part.addArc(1, ArcBall.EAST, 2); part.prepareRotations(1);
part.addArc(2, ArcBall.EAST_120, 3); part.add(part);

parts.add(part);

NI'RPOTN 779 112V NINNSONI D'71VIN NNDO7 NNAIT 707

final int KEYS=2; final int LOCKS=1; //final int MAX=Math.max(KEYS.LOCKS); // USER DEFINITION
boolean [][] matches = new boolean [KEYS+1][];
// lock without a key

matches[0] = new boolean[LOCKS+1]; matches[0][1] = true;
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// invalid case - implicit declaration
matches[0][0] = false;

// key=1

matches[1] = new boolean[LOCKS+1];

// key without a lock: matches[1][0] = true
matches[1][1] = true;

/] key=2

matches[2] = new boolean[LOCKS+1];
matches[2][1] = true;

JRRERRRRRR R (JGER DEF *H*HkHkkk kK ]
return matches;

.error QIN'X WOI' NIKAY .NNTANN v nimil NPT NXIN N1dINN

731) NNTN K77 NRDNND D'WA7 1I'9-7V "TIN" 770 N2) X7 — error: no unique is used e

(N ron wisnin

NN DOPNN X7 WN1W TIN"N 77NN TWXD — error: you should choose other unique e
4) L nrm ' Tnm-IT f2RIMNIR ANY 2100 7191 011'n1019N 77N ,nnalT? LNt

(8) F nnw'? (nirxvimix
D"{? 12D NNT 7N — error: parts already contains suchid
NAXNN 'R ,WONR II'K [INND — error: invalid config, size of parts xx vs. gridyy e
"3IN" Dy 719 DN'TAN YWKRD — error: IGrid::remove - already deleted e
NINYNN YXIAN ,NIYOI PN ,NXY7? KN |2 WP NDNTAIN — error: self reference e

another One(i)-2 wnnwn7 ' DI') .02D D" NNT 770 — error: part X already existsas Y o
-1 NNMAIT .0'ATN D'P'7N amount NO1dN qI02 another One(amount)-a1 NNT YN ‘D 7y

graatsma_parts.bsh
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T8T
waiting for userinput... ! !

B X

L ] available puzzles
L]

d_bedlam -
Md_checkers
id_classicMatches
:d_SIMPLE

d_star —
3d_bedlam
ad_conway
id_eureka
id_gaya
id_Graatsma

:D'NAN NRI7NN D'WY'DIM NN N7Y5N2

279 Nn'Na

L\

OK

("22'¥92IX) D'OINAKR

extra arguments

0K Cancel

-0 .N1INN DX AoN M0 .(Auto Debug = true DX) AT NITIRD9 NIt WWOXN Console-n

.wnna nann .Graphlayout.bat 10T n1dIMn N2v9n2a 71 v'oin console

DEBUGGING.
Examples: parts.get('F').rotate(); grid.show(); parts.show('F'); to stop: exit or kill
>>parts.show('F')

Part F 5 cells: F #0 edges [ RIGHT:1>>1 DOWN:3>>3] F #1 edges [ LEFT:0>>0] F #2 edges [
RIGHT:1>>3] F #3 edges [ LEFT:0>>2 UP:2>>0 DOWN:3>>4] F #4 edges [ UP:2>>3] rotations: 8

Graphlt.x3d generated, from Engine0, for solution #0
tmp/customPartindex_0.x3d

>>
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* puzzies 1.0 i [Z |I:l'5l

puzzles - previous run was founs

2d_SIMPLE 8 8 about [ ] ShowAll []Pause []Generated by All
YOME <+ narte yvorkin am e 1 M

12 pans, 'wao

Graph It! [] Trace Save
JONE. 12 parts, werking: on 2.2

DONE. 12 parts, 'working' on 0.0 DC
BT: P7YaFoW2Ilt NaTi1LoZ1 XeUzV3 BT Zz2
elapsed time 1,547 seconds elay
number of unique solutions 2
tried 353,635 parts tr
pool-1-thread-1 - 2 100 - ¢ left poal-:-ii

5]
w

pocl-:-thread-2 - 22 100- 0 left

) 12 parts, ‘working- on 3.3 DONE. 12 parts, 'working' on 4.4 DOME. 12 parts, '‘working' on 5.5
?: " IR 3 truncated console.log - line 398 ] =101 x|
level & - branches 187,920 321 per branch 2 2
level ¢ - branches 180,457 2 30 perbranchs
level 10 - branches 25,851 %5 per branch 1
level 11 - branches 15 %0 per branch 37
BT. Y7 total branches - 595,152
elapsedtime g75 sIt - 4
. %38:;‘;520" : 5, 8, BT, 275720 734, ZVVVLLLLZZZVLFFNWWZ
tried 267,506 parts 2d_: _8_8, , 80, 12, 586, 56, 65, 8, BT, 2757203, 0.156, 2.734,
pool-1-thread-1 - a: . .
number of unique solutions &5
DONE. 12 parts, % trigd 5,757,203 parts
BT: T2
elapsedtime 515 |oymmetries. 8 ===
number of Unique |, mper of total solutions 520
tried 222,115 parts
pool-t-thread-1 - ¢ -
DONE B
] |

unique solutions: é5 - total time: 14 - %94

:GUI-a onjan

D'0Ivvo

UNNYwNN NN DX AR Main args(]

INY QXN NIWU NYXNn DRN — Load disabled/ Loaded

nn''y oMy config + args 2w N2 wnnwnal nTnNa
Loadl 0345

BT ynnma Y MWOX UNnun? nRY yvoIm nnmvy

Yes .1 = n-thread 'on NI 2'0IVR
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(results.properties-2 1NWI ,7NMND) 12V AWINT NTNA ,DI'0Y '9X — Progress bar

nnrol 1oon ,(Generate by All -7 oxNN2a ,0"775 IX) D'TIN' NNND 190N ,NXN AT ,NXM 0IVVO
nwaNNn (Va0 IX) YN AR Y PN NArMYn I threads > 1-1 nT'AQ .0OIOY WIWN XN AT
NIRP'VONINYT DXNN NMNYN KN PY 0'91YN X71) NNNNDN 1901 7V 002NN N¥NN AT .07y

.(UI]YJﬁ A101 NN1YY

N7 NIMNYONX

TAM-IT 'WIAN 7792 ,NNAIT? LTARIE TAXR 72 7w nirYvamIR 770 ,nnnnosn 75 v 0'79 — Show All

.(Qi7'w1a2'0) 17w D'pnYN 7 TV DN TINY NN 1Y

Not Paused/Pause/Pause DRQxnN 2 N'2avn 9NN n7wonn threads > 1-1 nTN2 — Pause

.N"NYN A¥NAY Taynn id NX 01¥n 2-1 1 ©'wKd -1/Pause 2
myPzl.Properties -7 DXNN2 — Generate by All

.07TIZ NNY 2¥N NOMT ,NNMY — Save

.A2'T7 210 .console-1 D'YXIANN DAID'WN DX NIX7 WWONN — Trace

ONTN NMaxn 22 .('NdRN NN9N W DMy 'R) KXN'YW XAN [NN9N 7w N'97a naxn — Graph it!

.(tmp-2 WMwn yaizn NX X7) NnTipn DX
LTIV MIMUNA'ON 190N ,'7'72N 0'9IYN 190N N9I0AI NZ'00'VVO N7V Y'DIN DX §I0d

NI7ND DI¥AX NNKRI 197 7700 NIYDI'MIRD 1901 :0'901 D'VO'VVO D'V D'Y'DIM A7N YAl

CTIVE 29D ATI IWRD NN9Y nT ,anwa

21257

... TIVI AN9IYW 7790 210 ,0'77N yaIpaw 07 '019N N¥PN DAXIN YNNYNn? ,21on N1'Wo 1NX7

Solving Type: examples.cube.dimension3.CellPart3D, parts: 7, grid cells: 27
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TINXIN NIX NO'9TN NIINN Java-2 N'EIN ATIR9 70 'TN7 N1 .wnnwn? prompt >> axI* DN INKY

.(wN19N2 System.out.print 9'0IN7 DYV 'K D7) NTIRO ‘D

N NI'vM'yin NITieon

JUpD Anta 770 — DN DIMWpE D'RN 190N ,0W) 7700 Na¥n — parts.showPart(X’) e

17¥ N'NDIN NYOIMINA 17W DDA NAINDI (J'II'XU]"WIN 150nl

Part X 4 cells: X #0 arcs [ DOWN:3>>3] X #1 arcs [ UP:2>>2] X #2 arcs [ RIGHT:1>>3 DOWN:3>>1]
X #3 arcs [ LEFT:0>>2 UP:2>>0] rotations: 64

ATINE NINYEN NIYLIMIRD MNMA7 TV ,9WN 7NN 200 — parts.getParts().get(2).rotate() o
.N77N

7ton naixn — grid.show() e
D'77N0N IX 7790 NNTANA NIYO N7NY AN wnnwnal AN N AR — kill e
i

n72yonn qunnt — Exit e

mnwy N

.'woIn 1w [71D — source code of Hadoop DLX ,Pine Coast swirlViewer ,BeanShell

[N TIEn Java 6 NNRIN NDIMN LYourKit Java Profiler, Eclipse/ Intelli) Idea — nin'sn N21o
n1an nImwYy Concurrent Map-1 DIna *®synchronized-2 D'wnnwn DX Java 5 -7 nnxNnY

.Shared.unigsFoundSolutions — NI'7'93 Ny INY7 Ty WWUKX ,0'TAYNN |2 QNIYAN D1IMNIN

backport-util-concurrent.jar n'1901 na wnnwn? N1
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InoN® Doy

(DTN NpE'TAY 22) wiImn JUnit framework -0 qaIx X7 ,OWOKRN 7DD N0 napnn 7907 'O
-n YN — N2 JUnit-7 TN p'wn IR Twnnn YWR MyTestCase np'7nn nwnin 0T DIpna

.TestCase

byte code ™y nwyl 1aTn .aspect-7 NnITA NITINN 7Y 2'0'MN9 trace y¥a7 "WONN — BTrace
-7y (Ul nn"p n'¥9IRNW X 7v) trace y¥a7 T¥'D DATAN ,NNAIT V90 1"¥N .manipulation
N'7 trace-n ' NLAM ,true 2¥N1) safe mode = false Dy BTrace NX yNN7 W', TAYN NNAITNY NN

.("1dIMN nnp Yo 2o

@BTrace public class BTrace {
@0nMethod(clazz="edu.generalpuzzle.infra\\..*/", method="newCanPut.*/")
public static void m(@Self Object self, @ProbeClassName String probeClass,
@ProbeMethodName String probeMethod, AnyTypel[] args) {

// print(strcat("entered ", probeClass));
// printin(strcat(".", probeMethod));
print(((IGrid)self).toString2());
print(((IPart)args[0]).toString2());
// printArray(args); // args are the Part to put

-7V .(acceptance test-n Ta'M) DmEn D-test-n NX DA 7TNN NN 12va ynn build-n '7an
[N .tests XN NN 1'RY (W' Ant build "2 wim'w nwyl “mam napnn yalp 7907 nn

J'Rnxy nxnny e

NI0'WwN 72 N config 73 11ay ynn (WK doltAll.bat NATYa ITDN NIRXINN
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0p"N5n N1an

B Eredu
= & generalpuzzle
=l &7 examples
= & cube
[ED dimension2
= & dimension3
Bl &7 happycube
'@' & GridHappyCube
'é} & Parts3D_HappyCube
'@' T CellPart3D
'@' ‘& Edge3D _
(3} 7 Grid3D = main
(D) 7 GridExamples 'Jg:' T -'5-FEIS.
(C) T Part3D @ o Main
(C) 7 Parts30_Examples "2'::? | Main |
(D) % Parts3D_Poly5 'ﬁ':,:' T PuzzleException
(C) T Parts_Poly5 "3'3:;' & ShortFormatter
[E71 hexPrism '\Ey'h Showsol
[E] pie 'J'E?'E‘a Showsal2
spheresPyramid 'J;".h T'.EE .
[E3 tangram [y X3dViewer java_
= & infra [57 resources
B [&Er engines B & test

(C) & BasicAcceptanceTest
@j T EngineTest

I@l T MyTestCase

I\@ﬁ T MyTestRunner

(C) & PartTest

@j & SphereTest

B & dix_hadoop
f@' & DancingLinksGeneric
'?J;} & DIxEngineStrategy
- & trivial
E) & TriviaEngineStrategy
f@' T TriviallterativeEngineStrategy
'@' T TrivialRecursiveEngineStrategy
) % EngineStrategy
&) & IEngineStrateqy
%) & ParallelEngineStrategy
(@ & Celld
f3) % GraphIt
(0} 7 ICellPart
(Z) % IEdge
(2 % IGrid
(C) T IPart
(C) T Parts
(0} % Shared
'@' T Utils
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:Structure 101 '0VO NIN1I7 *7dN1 Simple UML 0N NITYa NXNY NINMAR'T [707

NN NNX'T
+ IEngineStrategy v

[FHields
constructors
meth':l lt .........................

+ Wap<K, V- §
— fields
methods <

TAM-NT7N "MK AN 1AY ,NNAT7 DN 9

(@ cridexamples (& Parts3D_Polys (& Parts3D_Examples
. T
f il __,,a'id_
W e
& arid3o & Part30

R LT
N L
‘\.i L‘Ll‘
& celPart3m



NIIVPUDAN

- 2 engines
- ’ trivial - ' dlx_hacoop
| @ TrivialRecurziveEngineStrategy | | @ TrivialterstiveEngineStrategy | | @ DlxEngineStrategy |
| G TrivialEngineStrateoy | | @ DancinglinksGeneric |
- i engines
| G [EngineStrategy | | G‘ ParallelEngineStrategy |
| G EngineStrategy |
- H infra
| © shared | | @ irid |
| G Graphit |
| G Partz |
| @ Part |
| @ Ltilz |
| @ I1celPart |
| @ IEdge | | @ celd |
- = examples
o - 5 cube o o +
- 2 dimension3
|+ i happycube |
- i dimenszion3
| @ GridExamples | | @ Par‘tsSD_PonSl | @ Parts30_Examples |
| ® crid3D | | @ PartiD |
i hexPrizm i spheresPyramid i pie H tangram
| @ celPartaD |
| ® Edgean |
* i dimenszion2 |
* ' cube |

197 D'UTN DAY 10 NIN'DY? 210 ,config-n NN 27w 7V A777 "wWONN Main.manualCustom

.0'u51P07 DN7Y |NaNN NN NN

65






TVPY 2P0 NI 3 D02

217

2V 710 01" ,Ymin in'on oy nni¥n N IPart.computeAnchorindex — "RXIMN NITIR 20"

IPart.markGridids — "jim'on pTIvA NWi?

DPIVINPNN

IPart.rotationCycle — "n'¥n1I190110 210 751 NNTAN NIYVIMIRD 190N AYWINA ,N'WRY"
IPart.completeRotations — "...7193 17X NI'YVI*IX NAYINN PN NXR?"

Utils.dfsComparePart -7 X "W IPart.checkDuplicity — "ni'7'oon nTin 2'n ndonn 27wn"

Utils.dfsUncompare -71

YTITONT POrTT

Parts.checkUnique — "Tin"n 7nn nnpa"
EngineStrategy.helper-a implied 21w'n ,*TIN" DX 77NN DX
DOTNTT MIINDT

EngineStrategy.solved — "|JNN® x¥N1 TUXD"

/D™y qnrx — IGrid.verify yixa n'77Dn EngineStrategy.preSolved — n¥1nn qia 197 np'ma

SN NINNon

[NN91 IX ,sameSolution Njp'Ta TNI Parts.getSamePartExist - "NNT Nn1IMN2 12T OXN L 1ANI0Y W

(" uniquelnimplied -0 DX 71 MYWOKX) NLVN'O

-thread-n |2 NONIUN WWK EngineStrategy. unigsFoundSolutions nn'wan — "NI7'93%7 Ix'¥avd"

.uniquelnimplied 7vnnI .0NNION 0!
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5197 10D

MIND 73002

-1 IEngineStrategy.solve — "|INN97 N7X1MON NIWKRIN nOWN"

"IDWw" TIR-1T'09N winm INT — TrivialRecursiveEngineStrategy.putRecursive

-7 X117 2IMdY EngineStrategy.removelmpossible — "00O0 |9IX2 [ID'WnN NNON'N DX WMWY N1"
NITY2 NNTPNN ,N'Y¥N 1D'wUn DXL IGrid.dfsPut-2 nunnwn canPut .IGrid.canPut

IGrid.remove Dy 77NN NX N1'0NI N0 IX IGrid.goForward
IGrid.new2CanPut Oy 1n'n NNYNN |I'01 ,N'VVO NMIMY NIDNNNY I

[>n WNX71 Igrid.goForward — ""DTpnn" 7790 |Awi ...nNY7¥n npnon TURd"

[12'w'7 NN partsindices-n ,NIj'VO'VVO IND TV 12N IDTVY? TrivialEngineStrategy.track
(0 anY) leftParts == partsinSolution NE'1TAN — "JNN9 X¥N1 ..MXY 7 TN AT *720N"

Dy [D'W7 'NdNN NNIX? Nl IGrid.removelast -"n1on n'wyan ,npn 701"

TrivialEngineStrategy.backTrack |21 .IGrid.setCurrCellindex

Matrix cover by Dancing Links

DancinglLinksGeneric.coverColumn, uncover, NNaw2a solveDLX, cover, unCover TI7-1T'Q9N

.search

DancingLinksGeneric.split, NNAW ,wWI9'NN YV N'WUKRY N2 MY AWORNN N7apn nTiaw? 71x'e

.solve, rollback, advance

DIXEngineStrategy.regularGeneratoeRows -1 n¥"un7 71on aix"'n Nnn
MpPwosINT

7713 °N

TrivialEngineStrategy.rollback — "wi9'nn yva 0'oay JInn%? n1a"

DFS n'nw islandRecursive DI EngineStrategy.islandSize - "'xn 7T1a 2w'n”
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DN YY-NN

win'm) TrivialRecursiveEngineStrategy.putRecursive-2 EngineStrategy.S_HEURISTIC n'1an

(N

DancingLinksGeneric - INIa JuPN 0-1-n A90N DY [ID'WY7 ATMYN NNA ,N¥NVAN 10D NV'WA

.findBestColumn
2°MDw
IPart.dfsPut-7 XIjpW Ipart.calcTrips — trips 2w'N

EngineStrategy.removelmpossible — nnwnn YW Nz v

259399 MITNDY

2d_classicMatches_matches. ©09Mp0 ,NNAIT?) Parts.matches[keys][locks] — "nnxnn nnoo"

.IGrid.match-2 nz'1an .(bsh

IGrid. -7 D'®7p  TrivialEngineStrategy.rollback-2 -"nnxnnn N7 LD'Wn nta BT 1y

verifyMiddle
Grid.verifyMiddleDLX - "n*12 nyxann ... Dancing Links -2"

solved-n 197 X1j7 TWNX EngineStrategy.preSolved-nn 77N> IGrid.verify-7 n'®117 ,NIv'wn 'mwa

.0"71yIn0 NNDOA NTY RTHNI
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[Du08] Dudeney, H.E.: 74.—The broken chessboard. In: The Canterbury Puzzles,

[F165]

[Ga57]
[GJ79]
[Go54]

[Go65]

90-92 (1908)

Fletcher, J.G.: A program to solve the pentomino problem by the recursive use
of macros. Comm. of the ACM 8, 621-623 (1965)

Gardner, M.: Mathematical games: More about complex dominoes, plus the
answers to last month;s puzzles. Scientific American 197, 126-140 (1957)
Garey, M., Johnson, D.S.: Computers and Intractability: A Guide to the Theory
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Scott, D.S.: Programming a combinatorial puzzle, Technical Report 1, Dept. of
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We experimented with many puzzles on these lattices, and report here (see
Table on only a few of these puzzles. The size of a puzzle is the number
of cells it contains. For parts we provide four numbers: the number of original
parts, the total number of different oriented parts, the number of oriented parts
that can fit into the puzzle, and the total number of options to position oriented
parts in the puzzle. (The latter is a good measure of the complexity of a puzzle.)
We provide two counts of solutions: essentially different and the total number
of solutions. The acronyms BT and MC stand for the direct back-tracking and
matrix cover methods, respectively. The ST (stranding) heuristic can be applied
to both methods, while SZ (the size heuristic) is relevant to matrix cover only.
The notation “X(+Y)” means that applying the heuristic “Y” did not improve
the running time relative to using only the method “X.” Branches are decision
points in which the back-tracking algorithm places a part or the matrix-cover
algorithm chooses a column. Finally, we report the times needed to find (on
MS Windows) either a single solution or all solutions to the puzzle. Figure [6]
shows representative solutions to these puzzles.

As can be easily observed from the data in Table [1] the matrix-cover algo-
rithm, coupled with the dancing-links “trick” and using the branch size-ordering
heuristic, is superior to the direct back-tracking algorithm. (Due to the inherent
representation of the problem in the two algorithms, we do not have any heuris-
tic for the latter algorithm that is similar to the size heuristic for the former
algorithm.) The stranding heuristic can modestly improve both algorithms, but
it doesn’t change the superiority of the matrix-cover algorithm.

5 Conclusion

We present two puzzle-solving algorithms and identify one of them as the method
of choice. We experimented with many puzzles in different lattices. Our future
goals are to extend the algorithms to other lattices, add more restrictions to the
puzzles (e.g., attaching knobs and holes to the parts), implement “SZ” for the
back-tracking method, and improve the efficiency of our implementation.
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three dimensions. Figure[5fa) shows a sample puzzle on the 3D lattice. The third
lattice type is the “packed-spheres” lattice. Figure[5(b) shows a sample puzzle on
this lattice. In this lattice, the repeated pattern is a node of degree 12. A complete
characterization of the group of transformations in this lattice will be provided
in the full version of the paper. The fourth lattice type is the “hexagonal-prism”
lattice, whose structure is also described in the introduction. Figure [B{c) shows
a sample puzzle on this lattice.

[ 1 ] ey
SeRaneas
AmEENL (L
(0 10 [ ]I OuEEENE 1.
(] [l ENCI | .
—l—l..!r.r [ DNINL ) i )
il BN [ BEEREOCEEE
e i EEE EEenoorrre
(a) 2D 8 x 8 — 2 x 2 (b) 2D 10 x 6 (c) 3D Big Y

(d)3D5x4x3 (f) 3D 10 x 3 x 2

(g) 3D Green Happy Cube

sy

(i) 3D Stairs

(j) 3D Orange Happy Cube (k) Hexagonal Prisms (1) Sphere Pyramid

Fig. 6. Solutions to various puzzles
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the user to save the current search state in the direct back-tracking method and
to reload it later for a warm-restart of the program.

The first two lattice types which we experimented with were the two- and
three-dimensional orthogonal lattices. The formal structure of the 2D lattice is
described in the introduction of this paper. It is straightforward to generalize it to

Table 1. Statistics of puzzle solving

Puzzle Parts Solutions Method & Branching Time (Sec.)
Lattice Name Size Orig. Total Reduced Poses Unique Sym. Heuristic(s) Points First All
2D Ort. 8 X 8—-2x2 60 12 56 56 1,290 65 *8 BT 2,757,203 0.2 5.7
BT+ST 1,523,328 0.5 3.5
MC 2,910,535 0.2 12.4
MC+ST 2,383,728 0.3 9.8
MC+SZ 117,723 0.2 1.1
MC+SZ+ST 81,880 0.1 0.8
2D Ort. 10 x 6 60 12 57 57 1,758 2,339 *4 BT 10,595,621 0.1 17.9
BT+ST 5,802,074 0.1 14.4
MC 10,606,305 0.2 54.4
MC+ST 9,242,529 0.1 43.3
MC+SZ 1,732,537 0.2 11.8
MC+SZ+ST 1,480,505 0.1 11.2
3D Ort. 10 X 3 X 2 60 12 168 68 1,416 12 *8 BT 1,315,930 0.2 2.3
BT+ST 861,525 0.1 2.0
MC(+ST) 1,325,957 0.3 6.3
MC+SZ(+ST) 74,947 0.2 0.7
3D Ort. 5x4x3 60 12 168 142 2,168 3,940 *8 BT 1,969,089,192 0.4 5,191
BT+ST 1,259,189,714 1.1 4,165
MC 1,969,152,287 0.6 5,874
MC+ST 1,969,152,287 0.8 5,912
MC+SZ 10,107,229 0.2 68
MC+SZ+ST 10,108,090 0.3 65
3D Ort. 6 X5 X2 60 12 168 93 1,916 264 *8 BT 107,590,605 4.8 223
BT+ST 67,714,344 4.2 190
MC 107,620,901 1.9 395
MC+ST 107,620,901 0.8 421
MC+SZ 759,343 0.2 7.2
MC+SZ+ST 693,970 0.4 6.7
3D Ort. Green 98 6 91 91 182 20 *24 BT 1,262 0.2 0.2
Happy Cube BT+ST 1,215 0.1 0.2
MC(+ST) 3,318 0.2 0.3
MC+SZ(+ST) 234 0.0 0.2
3D Ort. Orange 98 6 79 79 158 2 *24 BT 863 0.1 0.4
Happy Cube BT+ST 846 0.1 0.3
MC(+ST) 2,235 0.1 0.3
MC+SZ(+ST) 146 0.0 0.3
3D Ort. Strip 60 12 168 85 965 6 *4 BT 187,883 0.0 0.7
BT+ST 99,272 0.2 0.6
MC 203,197 0.3 1.7
MC+ST 188,506 0.1 1.6
MC+SZ 14,274 0.0 0.4
MC+SZ+ST 13,904 0.0 0.3
3D Ort. Stairs 55 129 186 186 1,573 640 *1 BT 3,143,814 0.1 12.9
BT+ST 2,088,970 0.1 10.8
MC 3,143,784 0.1 23
MC+ST 3,100,112 0.1 18.8
MCH+SZ 178,350 -2 1.8
MC4+SZ+ST 159,868 -a 1.4
3D Ort. Big Y 60 12 186 157 1,640 14 *1 BT 210,454,691 52 536
BT+ST 161,584,456 26 513
MC 210,502,803 29 529
MC+ST 210,502,803 2.8 560
MC+SZ 205,230 0.3 1.6
MC+SZ+ST 205,524 0.3 1.6
Spheres Pyramid 20 6 52 31 85 1 *12 BT+(ST) 634 0.0 0.1
MC+(ST) 1,994 0.1 0.2
MC+SZ(+ST) 171 0.1 0.1
Hex Prism Hex prisms 45 11 104 98 232 2 *6 BT 4,675 0.0 0.2
BT+ST 4,029 0.0 0.2
MC+(ST) 5,902 0.1 0.2
MC+SZ(+ST) 422 0.1 0.2

Legend: BT - back tracking; MC - matrix-cover (with dancing links); ST - stranding
heuristic; SZ - size heuristic.

“In this puzzle one (a priori unknown) part was redundant. This caused the SZ
heuristic to not be able to find any solution.
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Dancing Links. The algorithm can be sped up tremendously by an elegant
pointer-manipulation trick [Kn00]. In a doubly-connected linked list, an element
z is removed by executing the two operations Next [Prev[z]] := Next [x] and
Prev[Next[x]] :=Prev[x]. It is a good programming practice not to access the
storage of an element x after it is deleted, since it may already serve a different
purpose. However, if it is guaranteed that the area allocated to z is not altered
even after it is deleted, one can easily undo the deletion of # by making the links
“dance”: The pair of operations Next [Prev[z]] := x and Prev[Next[z]] := x
readily return « to its original location in the linked list.

Efficient Branching (Size Heuristic). A very efficient heuristic, which re-
duces the running time significantly, is ordering the branches of the algorithm
according to their (anticipated) size. The speed-up of the algorithm naturally
depends on the quality of the prediction of the sizes of branches. In our setting,
branching occurs at the selection of an additional column. Recall that in a valid
solution, exactly one of the rows comprising the submatrix contains the value 1
in this column. (This means that exactly one part covers the puzzle cell corre-
sponding to this column.) Since no a priori information is known (or computed),
a reasonable choice is to explore first columns with the least number of 1-entries.
This is because we will have fewer parts among which to choose the one covering
this cell of the puzzle.

4 Experimental Results

The two algorithms were implemented in Java on a dual-core 2.2GHz PC with
Sun’s Virtual Machine 5+, under the MS Windows XP and Linux operating
systems. The two algorithms allowed simple parallelism for using the dual-core
CPU by splitting the search tree into two branches. All the running times re-
ported below were measured on MS Windows XP without parallelism. (Using the
dual-core CPU reduced the running time by half in practically all cases.) Each
puzzle was solved twice (with a random order of parts), and the reported value
for each puzzle is the average of the two measurements. The software consists of
about 10,000 lines of code. In addition, we implemented a feature which allowed

(a) 3D orthogonal (b) Packed spheres (c) Hexagonal prisms

Fig. 5. Lattice puzzles
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3.2 Matrix Cover

Our second approach to solving the puzzle problem is by a reduction to matriz
cover, and speeding up the algorithm that solves the latter problem by using the
“dancing links” technique [Kn00].

Reduction. The puzzle problem is represented by a binary matrix in the fol-
lowing manner. We create an M x N matrix, where M is the total number of
options to position parts (in all orientations) in the puzzle, and N is the number
of cells of the graph. By “part-positioning” options we mean all possible map-
pings of the anchor of a part graph to a node in the puzzle graph, such that the
part will partially cover the puzzle and will not exceed its boundary. An entry
(4,4) in the matrix contains the value 1 if the jth node of the puzzle is covered
by some node in the ith part-positioning option; otherwise it is 0.

Naturally, solving the puzzle amounts to choosing a subset of the rows in
which every column contains a single 1 with 0 in all other entries. The chosen
rows represent the choice of parts, while the requirement for a single 1 per column
guarantees that every cell of the puzzle will be covered by exactly one part.

We may want to ensure that every part will be used exactly once, among all
its possible orientations and positions in the puzzle. This is easily achieved by
adding more columns to the matrix, one for each part. In each such column, we
put 1 in all the rows that correspond to the same part, and 0 elsewhere. This
guarantees that exactly one part orientation and position is chosen.

For example, consider the simple 3X3 puzzle shown in Figure[4(a). The three
puzzle parts are shown in Figure [4(b). The left part has eight different orien-
tations (allowing flipping), in each of which it can be positioned in the puzzle
in two ways, for a total of 16 options. The middle part has two different orien-
tations, in each of which it can be positioned in the puzzle in three ways, for
a total of 6 options. Finally, the right part has only one orientation, which can
be positioned in the puzzle in nine ways. Thus, the matrix we need to cover is
made of 31 rows (the total number of part-positioning options) and 12 columns
(9 puzzle cells plus three original parts). One possible solution to the puzzle is
represented by the 3-row submatrix shown in Figure [{c): The 9 left columns
show the exact covering of the puzzle, while the 3 right columns show that each
part is used exactly one.

The matrix-cover algorithm is also back-tracking in nature, and so its details
are not provided here. However, its running time is reduced significantly as
described below.

1/2]3] 111110000 100
alsfe]  [2]2]3] [A]203] [A] 000000111 010
7]18|9 415 000001000 001
(a) Puzzle (b) Parts (c) Submatrix solution

Fig. 4. A puzzle solution represented by a submatrix
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graph. A simultaneous and identical (edge-label-wise) traversal is performed in
the puzzle graph. This yields precisely which portion of the puzzle is covered by
the part. An attempt to position a part in the puzzle fails if either the traversal
of the puzzle graph reaches an “occupied” cell, or it gets out of the graph (that
it, the boundary of the puzzle is about to be crossed).

If the part-positioning is successful, we mark the part as “used,” mark all the
nodes of the puzzle graph that are matched to nodes of the positioned part as
“occupied,” and proceed to the next part-positioning step as follows. First, we set
the anchor of the puzzle to be the new lexicographically-minimal “empty” node
in the puzzle graph. This is achieved by scanning the puzzle lexicographically,
starting from the previous anchor and looking for a free node. Then, we attempt
to position a new “free” part (according to a predefined order) in the puzzle by
identifying its origin with the new anchor and proceeding as above. The new
anchor must be the origin of the next positioned part for the same reason as for
the first positioned part.

This part-positioning process continues until one of two things happen: Either
(a) The puzzle graph is fully covered (this situation is identified by not being
able to reset the anchor); or (b) The algorithm is stuck in a situation in which
the puzzle graph is not fully covered, yet no new part can be positioned. In the
former situation the algorithm declares a solution and terminates. In the latter
situation the algorithm back-tracks: The last positioned part is removed from the
puzzle, restoring its status to “free” and marking again the covered puzzle nodes
as “empty.” Then, if another orientation of the same part exists, the algorithm
attempts to position it as above. Otherwise, the algorithm proceeds to the next
available part (according to the predefined order) and attempts to position it in
the same manner.

In case we like to find all solutions to the puzzle, a minor step of the algorithm
is modified: When the algorithm finds a solution, the latter is reported, but then
refers to the last part-positioning step as a failure and then back-tracks. In such a
situation, the algorithm terminates when no back-tracking options remain: This
happens when all options for the first part-positioning are exhausted.

We conclude the description of the algorithm by referring to the dangling half-
edges in part graphs. In principle, they should be matched too to half-edges in the
puzzle graph, in order to ensure proper neighborhoods between parts positioned
in the puzzle. However, this was redundant in all the lattices that we handled.
Thus, we ignored all dangling half-edges in the part-positioning operations. A
cover of the puzzle graph was actually only an exact cover of the nodes of the
graph. Edges in the puzzle graph, that represent neighborhood relations between
parts, were not covered. Exact match of labels was enforced only between inter-
part edges and the corresponding edges in the puzzle graph.

Stranding. A simple pruning method is to consider the size of the connected
component of empty nodes, that include the anchor, in the puzzle graph. If all
free parts are larger than this component, then the algorithm may back-track
without any further checks. This heuristic can also be applied for the second
algorithm described below.
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we compute all the possible orientations of each part. Specifically, we apply all
possible transformations (and combinations of them) to the half-edges outgoing
from the origin cell. Applying a single combination to the origin changes the ori-
entations of all of its neighbors (manifested by new edge labels), and the process
continues recursively in a depth-first manner to all the cells of the part.

Naturally, the graph that represents a part may contain cycles, in which case
“back-edges” are encountered in the course of the search. Note that the for-
mal definition of a lattice does not ensure that back-edges are consistent edge-
labeling-wise. Such an inconsistency simply means that a specific transformation
(the analogue of a rotation) is not allowed in the dealt-with lattice. However, in
all lattices we experimented with, such a situation can never occur; therefore,
we did never check for consistency of back-edges.

After all orientations of a part have been found, two steps should be taken:
(a) Recomputing the origin cell of each oriented copy; (b) Removing duplicate
copies. In fact, both steps can be performed simultaneously. Moreover, the re-
moval of duplicates may be avoided if we precompute the symmetries of the
original part. Nevertheless, all these operations are performed in a preprocessing
step, before running the main puzzle-solving algorithm (which takes the main
bulk of the running time), so any approach will practically do.

Essentially-Different Solutions. In most cases we are not interested in find-
ing multiple solutions that are inherently the same, up to some transformation
defined for the specific lattice. Instead of computing all the solutions and look
for repetitions (an operation which might render the algorithm infeasible if there
are too many solutions), we applied a simple pruning method. Suppose that S
is a solution to a puzzle. One only need to observe that if the entire puzzle has
some symmetry realized by the transformation 7, then T'(S) is also a solution
to the puzzle. Thus, if we discard all copies of an arbitrary part, obtained by
transformations that realize symmetries of the puzzle, we guarantee that only
essentially-different solutions to the puzzle will be found. To maximize efficiency,
we choose the part with the maximum number of copies. (Usually, this is the
part with the least number of symmetries.)

Solving the Puzzle. Our first method is a classical back-tracking algorithm.
We attempt systematically to cover the puzzle graph with the part graphs. A
part graph covers exactly a portion of the puzzle graph by an injective mapping
of the nodes of the part to the nodes of the puzzle, subject to adjacency relations
in the two graphs, while the labels of the (half-)edges of the part fully match
those of the covered portion in the puzzle.

Initially, all parts are “free,” and all nodes in the puzzle graph are “empty.”
We initialize a variable, called the anchor, to be the origin cell of the puzzle.
Naturally, it should be covered by some cell ¢ of some part p. Moreover, ¢ must
be the origin of p, otherwise, after positioning p in the puzzle, the origin of p
will occupy a puzzle cell which is different from the origin of the puzzle, which
is a contradiction to the lexicographic minimality of the puzzle origin. Thus,
positioning a part in the puzzle (in one of its possible orientations) is achieved
by identifying the anchor with the origin of the part and traversing the part
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Some freedom can be given to the set of parts, so as to form variants of the
puzzle problem. We may have a single copy of a given part, or an unlimited
amount of copies. Different types of transformations may be defined for differ-
ent parts of the puzzle While solving a puzzle, we may want to compute one
solution (thus, determine whether or not the puzzle is solvable), or to find the
entire set of solutions to the puzzle.

3 Algorithms

In the full version of the paper we illustrate a simple reduction from bin-packing
(which is known to be an NP-Complete problem [GJ79]) to puzzle solving, show-
ing that the latter is also NP-Complete. The work [DD07] and references therein
provide alternative proofs.

In this section we describe two puzzle-solving algorithms: Direct back-tracking
and matrix cover. Since both paradigms are well-known, emphasis is put not on
these methods but rather on the data structures and heuristics used to expedite
the algorithms in the setting of general-lattice puzzles.

3.1 Back-Tracking
Our first approach to solving the puzzle problem is by direct back-tracking.

Puzzle and Part Data Structures. As mentioned above, the puzzle and
parts are represented by graphs. Edges of the graphs are labeled with numbers:
for each node v, the outgoing half-edges of v are labeled 0, ...,d(v) — 1, where
d(v) is the degree of v. Dangling half-edges of both puzzle and parts (that is,
half-edges beyond their boundaries), are omitted.

One specific node of each part is marked as the origin of the part. For example,
in the two-dimensional orthogonal lattice, one may fix the origin at the leftmost
cell of the topmost row of the part. Note that the edge labels have to induce a
total order on the neighbors of a cell, thereby, on all the cells of the puzzle or its
parts. In a general lattice, we simply choose the lexicographically-smallest cell,
induced by this order, as the origin of the part. Similarly, we mark the origin
of the puzzle. For example, in the two-dimensional orthogonal lattice, a cell is
always “smaller” than its bottom and left neighbors, and “greater” than its top
and right neighbors. This implies the chosen origin in this lattice.

Part Orientations. A special data structure stores the transformations al-
lowed for each part of the puzzle. As mentioned above, a transformation is a 1-1
mapping between the set of possible labels and itself. In a preprocessing step,

2 For example, consider the flip transformation in a two-dimensional orthogonal-lattice
puzzle. Its analogue in three dimensions is the mirror transformation, which is
mathematically well defined but hard to realize with physical puzzle pieces made
of wooden cubes. In such a puzzle, whether or not to allow the mirror transforma-
tion is a matter of personal taste.
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2 Statement of the Problem

Let £ be a lattice generated by a repeated pattern. To avoid confusion, let us
refer to the dual of £, that is, to its adjacency graph, and use interchangeably
the terms “cell” (of the lattice) and “node” (of the graph). A “pattern,” in it
simplest form, is a single node v and a set of labeled half-edges adjacent to it.
(Each undirected edge e of the graph is considered as a pair of half-edges, each
of which is outgoing from one endpoint of e.) The half-edges incident to v are
labeled 0 through d(v) — 1, where d(v) is the degree of v. In addition, there is a
specification of how copies of v connect to each other to form L. For a 1-node
pattern, this specification is simply a pairing of the labels. In addition, there is
a set of transformations defined on v. A transformation is a permutation on the
set of labels, i.e., a 1-to-1 mapping between the set {0,...,d(v) — 1} and itself.

For example, the orthogonal two-dimensional lattice is
generated by the pattern shown in Figure 2} The pattern 1
contains a single node, v, of degree 4. The four half-edges
adjacent to v are labeled ‘W’=0, ‘N’=1, ‘E’=2, and ‘S’=3,
which may be coupled exactly with ‘E,” ‘S’ ‘W.” and ‘N, re-
spectively. The pairing specification is, then, {(0,2), (1,3)}.
Only one transformation, so-called rotate left (RL, in short)
is defined on v. The mapping defined by RL on the half-edges Fig. 2.
incident to v is RL(i) = (i + 1) mod 4. The composition of Repeated
one to four RL transformations brings v to any possible ori- pattern of Z*
entation.

Another example is shown in Figure[3l The repeated
pattern of this 3D lattice (see Figure [Blc)) is a prism
with a hexagonal cross-section. The degree of the
single-node pattern v is 8. The eight half-edges, with
labels 0,...,7, are coupled by {(0,1),(2,5),(3,6),
(4,7)}. Two transformations are defined on v:

E(;Iil)dAn x-flip”: F(0|1|2]3]4]5|6|7) = (1]0]2]7|6]|5]4|3); Fig. 3. The
(b) A “yz-rotate”: R(0|12|3]4/5|6/7) = (0|13|4|5/6|72). ~ Dexagonal-prism
Compositions of F' and R bring v (with repetitions) to pattern

all possible orientations in this lattice.

A lattice puzzle P is a finite subgraph of £. Dangling half-edges (that is,
half-edges that are not coupled with half-edges of other copies of the repeated
pattern) are marked as the boundary of the puzzle. Puzzle parts are also finite
subgraphs of £, and they undergo a similar procedure. A solution to the puzzle
is a covering of P by a collection of parts, such that:

1. All nodes of P are covered by nodes of the parts;

2. The labels of dangling half-edges of parts match the labels of the respective
half-edges of P; except

3. Dangling half-edges of parts may extend out of the boundary of P.
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discussed by de Bruijn [Br71]. If pentominoes are not allowed to be flipped
upside-down, then there exist 18 such 1-sided pentominoes. Golomb [Go65] pro-
vided one tiling of a 9 x 10 rectangle by all these pentominoes, while Meeus
[Me73] credited Leech for finding all

the 46 tilings of a 3 x 30 rectangle .
by the set of 1-sided pentominoes. U X
Haselgrove [Ha74] found one of the L
212 essentially-different tilings of a
15 x 15 square by 45 copies of the
“Y” polyomino. Golomb [Go65] F
provided many other polyomino
puzzles in his seminal book “Poly-
ominoes.” See also [Kn00| for a list-
ing of other well-studied puzzles.
The Java applet “Jerard’s Universal
Polyomino Solverl! is highly optimized for puzzles on a regular orthogonal lat-
tice, and can supposedly solve any puzzle on this lattice.

It is well-known that finite-puzzle problems on an orthogonal lattice are NP-
Complete. This is usually shown by a reduction from the Wang tiling prob-
lem, which is also known to be NP-Complete [Le78|. It is not surprising, then,
that no better method than back-tracking is used for solving puzzles. Many
works, e.g., [Sch8| [GB65, [Br71], suggested heuristics for speeding-up the pro-
cess, usually by taking first steps with the least number of branches (possible
next steps).

Knuth [Kn00] suggested the dancing links method, which allowed solving
several problems, including orthogonal and triangular lattice puzzles, much more
efficiently than before. The main idea is a combination of a link-handling “trick”
that enables easy and efficient “unremove” operations of an object from a doubly-
connected list (a key step in back-tracking), and an abstract representation of
the problems as a matrix-cover problem: Given a 0/1-matrix, choose a subset
of its rows such that each column of the shrunk matrix contains exactly one ‘1’
entry. The reader is referred to the cited reference for more details about this
extremely elegant method.

In this paper we present two back-tracking approaches to solving general lat-
tice puzzles. We formulate the puzzle problem in general terms, so that it would
fit various types of puzzles. Since solving a puzzle even on a two-dimensional
orthogonal lattice is NP-Complete, we cannot hope (unless P=NP) for subexpo-
nential algorithms for the problem. We fully implemented two algorithms and a
few heuristics to expedite them, and ran them on many puzzle problems which
lie on several types of lattices.

This paper is organized as follows. In Section [2| we define the puzzle-solving
problem. In Section [3] we describe two algorithms to solve it, and present in
Section [4] our experimental results. We end in Section [5] with some concluding
remarks.

<

=1 ]
e~}
~<

Fig. 1. Twelve essentially-different
2-dimensional pentominoes

1 Available at http://www.xs4all.nl/~gp/Site/Polyomino Solver.html
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Abstract. In this paper we describe implementations of two general
methods for solving puzzles on any structured lattice. We define the
puzzle as a graph induced by (finite portion of) the lattice, and apply
a back-tracking method for iteratively find all solutions by identifying
parts of the puzzle (or transformed versions of them) with subgraphs of
the puzzle, such that the entire puzzle graph is covered without overlaps
by the graphs of the parts. Alternatively, we reduce the puzzle problem
to a submatrix-selection problem, and solve the latter problem by using
the “dancing-links” trick of Knuth. A few expediting heuristics are dis-
cussed, and experimental results on various lattice puzzles are presented.

Keywords: Polyominoes, polycubes.

1 Introduction

Lattice puzzles intrigued the imagination of “problem solvers” along many gen-
erations. Probably the most popular lattice is the two-dimensional orthogonal
lattice, in which puzzle parts are so-called “polyominoes” (edge-connected sets
of squares), and the puzzle is a container which should be fully covered without
overlaps by translated, rotated, and, possibly, also flipped versions of the parts.

One very popular set of parts is the 12 “pentominoes” (5-square polyomi-
noes), which is shown in Figure 1. We describe here a few examples of the
many works on pentomino puzzles. Such games were already discussed in the
mid 1950’s by Golomb [Go54] anfd] Gardner [Ga57]. Scott [Sch8] found all 65
essentially-different (up to symmetries) solutions of the 8 x 8 puzzle exclud-
ing the central 2 x 2 square. Covering the enfire 8]x 8 squdre with the twelve
pentominoes and one additional 2 x 2 square part, without insisting on the
location of the latter part, is the classic Dudeney’s puzzle [Du08]. The Hasel-
grove couple [HH60], as well as Fletcher [F165], computed the 2,339 essentially-
different solutions to the 6 x 10 pentomino puzzle. Other pentpmino puzzles were

D.T. Lee, D.Z. Chen, and S. Ying (Eds.): FAW 2010, LNCS 6213, pp. 124-135, 2010.
© Springer-Verlag Berlin Heidelberg 2010
N |






Abstract

In this thesis we describe general methods for solving puzzles on
any structured lattice. The puzzles are of a "put together" type,

compared to combinatorial puzzles like the Rubik's Cube, in which

an operation on 'part' of the puzzle bring it to a new permutation.

We define the puzzle as a graph induced by the lattice, and apply a back-tracking method for
iteratively finding all solutions by identifying parts of the puzzle (or transformed versions of
them) with sub-graphs of the puzzle, such that the entire puzzle graph is covered without

overlaps by the graphs of the puzzle parts.

Alternatively, we reduce the puzzle problem to a sub-matrix-selection problem, and solve it

using the “dancing-links" technique as described by Knuth [Kn00].
Experimental results on various lattice puzzles are presented.

Here is an example of a puzzle, on a 2-dimensinal

orthogonal lattice, made of 12 Pentominoes. The cell (node)

is a single square, which can be flipped and rotated. Its

neighboring squares are those lying on its North, South, East

A complex example is the well-known Tangram set. The lattice consists of small triangles with 8

and West.

different orientations. The basic cell AN is marked on the target. This cell does not exist in the

set, but in fact, each part is composed of these basic cells (but with different orientations).

This is a rather complex example, usually we deal with puzzles assembly.
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